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This paper deals with the robust series and parallel fractional-order PID
synthesis controllers with the automatic selection of the adjustable
performance weights, which are given in the weighted-mixed sensitivity
problem. The significant contribution of the paper is to achieve the good
trade-off between nominal performances and robust stability for DC motor
regardless its nonlinear dynamic behavior, the unstructured model
uncertainties and the effect of the sensor noises on the feedback control
system. The main goal is formulated as the weighted-mixed sensitivity
problem with unknown adjustable performance weight. This problem is then
solved using an adequate optimization algorithm and its optimal solution
leads to determine simultaneously the robust fractional PID controller, which
is proposed by the series and the parallel fractional structures, As well as, the
obtained optimal solution determines the corresponding adjustable
performance weight. The proposed control technique is applied on DC motor
where its dynamic behavior is modeled by unstructured multiplicative model

uncertainty. The obtained performances are compared in frequency- and
time-domains with those given by both integer controllers such classical PID
and Hoo controllers.
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1. INTRODUCTION

Recently, one of the most desired aspects in DC control motor is to achieve a good trade-off
between RS and NP of the feedback control system [1], [2]. Due to inaccurate modeling, component aging of
mechanical part of DC motor, sensor noises, exterior conditions, and others, all proposed DC motor models
unavoidably incorporate uncertainties and external disturbances.

In control engineering, the controller synthesis using the integer PID controller-structures is still
widely recognized as one of the simplest yet most effective control strategies in industry [3-5]. However, the
obtained H,, performances analysis does not guarantee both RS and NP, and optimal trade-off between them.
Hence this trade-off should be enhanced when DC motor is subjected to parametric uncertainties and
measurement noises.

To avoid this problem, Matrix Inequality LMI based H,, control techniques or Algebraic Riccati
equations AREs are usually preferred over other methods [6]-[7], due to its computational simplicity and
efficiency. The controller parameters are designed from solving the weighted-mixed sensitivity problem
where all the above-mentioned effects are presented using some weights in the weighted-mixed sensitivity
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problem. The obtained robust controller ensures good robustness properties. However, a significant
shortcoming of these techniques leads to high-order controller. Its implementation leads to high cost, difficult
commissioning, poor reliability, and potential problems in maintenance.

Recently, many researches have done H,, control analysis of uncertain systems using fractional
controller-structures, from which the controller parameters are optimized by an adequate optimization tool.

it may be noted that the fractional order carried-out on the Laplace operator is approximated by an
equivalent integer transfer function, which contains the infinite poles and zeros [8]. Therefore, various
advanced control design methods benefit to this property. Its controller is designed with the less number of
the unknown parameters [8], [9]. It can also satisfy a high level of the imposed H,, specifications where the
model parameters change in wide range.

It is further noticed that the FO-PID controllers have been applied by researchers in different fields
of engineering and industries around the world, such as in motion control of DC motor [9], [10], automatic
voltage regulator [11], [12], aerospace designing control system [13], weapon system[14], wind energy
system [15], nuclear reactor [16], hydropower turbine [17], and most of the above mentioned research results
show that the FO-PID controller has a better performance and robustness than a conventional one. Although
it is so, the parameter optimization of FO-PID controller is still an important and challenge issue until now.

In this paper, the robust FO-PID controller is proposed using both structures series and parallel. The
objective is to optimize the controller parameters from solving the weighted-mixed problem, in which the
adjustable performance weight is derived. The control strategy is applied on DC motor to validate the
efficiency of the prosed idea.

2. ON THE FRACTIONAL CALCULUS
Fractional calculus is a generalization of integration and differentiation of the non-integer order

operator , D/ , where a and t denote the limits of the operation [18]. The continuous integro-differential
operator of order y is defined in the following way (1):

d’/dt"  :y>0
D=y 1 =0 @)
J.t(dr)fy 1y <0
a
So that the Riemann-Liouville definition is given as shown in (2).
n f
o=t e, @

I'(n—y) dt"

a (t _ z_)y—nﬁ-l
According to (2), n denotes the integer part of y wheren-1<y<n and 7°(.) is the Euler's

gamma function that given by 7" (n) = '[Omt”‘le‘”dt , where T'(n+1)=n!. The Laplace transforms of the RL

fractional derivative/integral (2) under zero initial conditions for order y is given by (3):

L(,D f(1)= jo*” e, D7 f (t)dt =*'F (s) ©)

Noticing that, the implementation FO-PID controller needs to approximate its fractional part of
powers » by the usual integer transfer functions with a similar behavior. The method is based on
approximating s” in a specified frequency range  =[®,,®,] and of integer order N by a rational transfer
function obtained in the following manner (4) [19]:

k=N '
S+w

s =C[[—
k=N S+ @,

(4)

From (4) the zeros, poles and gain are respectively defined as shown in (5-7).
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In some fractional controller-structure, due to the commutative property of the fractional operator
s“ and order a >1, it can be approximated by s* =s""” where n=a -y is the integer part of « and s* is
approximated according to equation (4).

3. ROBUST PARALLEL/SERIES FO-PID DESIGN CONTROLLER

Some feedback control systems implement a FO-PID controller function on serial form, while
others use the parallel form. The aim of this paper is to observe differences between them for the DC motor,
and to see the performances of each one in time and frequency domains.

3.1. Robust Parallel FO-PID Controller
The Robust parallel FO-PID controller called also PFO-PID is the general case of the classical
parallel integer one. In time domain, the differential equation is defined by (8) [20]-[21]:

u(t) = K, *e(t)+ K; * oD *e(t) + Ky * o Dy e(t) (8)

Where e(t) and u(t) are respectively, the set-error and the control signal. The transfer function of
robust PFO-PID controller is therefore given through the following Laplace transform (90) [20].

K(s,x)=K, +Ks* +Kys" 9)

According to (9), the controller parameters are given by the design vector gz[Kp, Ki, Kq ,/1,;4}

K,s*

where its derivative part is usually replaced by the term n
+78

in order to attenuate the noise amplification
effect. We get (10):

K,s”

10
1+7s (10)

K(s,x)=K,+Kis™+

:
So, there are six parameters to be tune, which are given by the design vector x = [Kp, K, K, r,i,y} .

3.2. Robust Series FO-PID Controller
The Robust series FO-PID controller called also SFO-PID becomes the general form the classical
series integer PID controller. The differential equation is therefore given in time domain by (11) [22], [23]:

u(t) = K, *e(t)+ K, K; * D *e(t) + K Ky * oD e(t) + K KKy * o D e(t) (11)
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From (11) the transfer function is defined by (12), in which the pre-filter _1  caun be included for

1+7s
the same previous reason, yields also (12):
) K,4s”
K(s,x)=K_.(1+Ks™*).| 1+ 12
(320, ks 1 @

where the weighted-mixed sensitivity problem is solved using the same prevois vector.

4. WEIGHTED-MIXED SENSITIVITY FORMULATION PROBLEM
Let consider the feedback control system shown in Figure 1 where d (s) and 7(s) denote

respectively, the load disturbance and the noise-measurements. Moreover, r(s) and y(s) are respectively, the
set-point reference and the process output of the feedback control system.

Perturbed system A — d,(s)
') o e u(s); Model Mismatch | ! +l ()
—>®—> K(s.%) ; Gy (s) ;
T FO-PID Centroller i Nominal plant-model 3 .
_______________________________________ v
7(s)

Figure 1. Block diagram of the feedback control system

Suppose that the nominal plant transfer function is G, (s) and consider the perturbed plant transfer
function of the form G, (s) =[1+A,,(s)]G, (s) . Here, A, (s) is the normalized uncertainty that is assumed to
satisfy (13):

|8 ], O max {o, [A, (je)]} <1 (13)

where o, [A,, (jw)] is the maximal singular value of A_(S) at the frequency point@ and @ €[@,;, , @]

In robust control theory the trade-off between RS and NP depends heavily by satisfying two following
conditions, which are:

4.1. RS Condition

The robust FO-PID controller should guarantee the RS that means the closed-loop system must
remain stable in presence of all possible uncertainties. In order to secure the suitable RS, the complementary
sensitivity transfer functionT (s, x) has been used. Based upon the small gain theorem the RS condition for an

uncertain system subject to the unstructured multiplicative uncertainty is defined by (14) [24], [20]:

RS : W, (jo)T (jo,X)|, <1=|T(jo.x)||, < ,for we[o,

min !

D]

1
_ 14
W, Gl 44

where T(s,X) =Gy ()K(s,X)[1 +G, (s)K(s,g)]fldenotes the sensitivity function, which defines the transfer
function from both inputsz(s) and r(s) to the output y(s). MoreoverW; ( jo) presents any stable transfer
function that majorates all possible uncertainties and satisfies the following condition (15):

Omax [Am (JO)] = Oay [(GP(JW) -Gy (ja)))GNl(ja)):' << Omax Wy (jo)] (15)
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In the next section, W, (S) will be assumed as the following fixed transfer function (16):

kr (s+7))(s+12y)

M= sy

(16)
where its parameters are chosen similar to that given in [21].

4.2. NP Condition

During the design procedure, relatively fast responses, small overshoots and robustness against the
model uncertainties can be assumed as suitable performances. Consequently, acquiring the NP is a crucial
factor that should be fulfilled by optimization. To ensure this goal, the sensitivity transfer function S(s, x) ,
has been used.

Noticing that, the sufficient small singular values S(s, x) in specific frequency ranges can satisfy

precise performance characteristics. Moreover, all these characteristics can be obtained by selecting the
performance weightW; (s) , which is used to shape the sensitivity function as follow (17) [24], [20]:

NP "\NS(]CU)S(JC(),Z)"OO S].:}"S(J[(),Z)"w Sm vfor we[a)min ' a)max] (17)

where S(s) :[I +G, (S)K(s,g)]f1 denotes the sensitivity function, which defines the transfer function from
both inputsd (s)and r(s) to the output e(s) . In this paper the performance weightW will be assumed as

the adjustable transfer function that defined in (18). Its parameters are jointly optimized to those of the
desired controller using some rules given that decribed later [25]. We get (18):

oy + S
W, (s)—A (18)

where a@; is the minimum bandwidth, which presents the straight-line approximation of W (s) crosses the
unity (i.e. 0y ), My is the minimum peak, which limits S (s, x)| and & is the steady-state error, which is
fixed to the less value. In this paper the good trade-off between NP and RS is constrained by the good
selecting of the performance weight (18), in which the parameters M and @; are given by optimization. So
that these parameters are chosen according to the following rules.
i Typically, the adjustable parameter M is chosen to be sufficiently small. So that the pole of }GV is
S

at least two decades above its zero. In general, it is required to have Mg >> & .
ii. When the control objective is to improve the NP margin, the general rule is to flat the curve of
amax[S(ja;, x)]as much as possible in high frequency. This goal is achieved by increasing w; .

However, increasing this frequency more than necessary deteriorates the RS condition in high-
frequency range.

Now, in the S/T mixed sensitivity problem, both conditions (14) and (17) are combined and
equation (18) is used to determine the following optimization problem (19) [25]:

min|| * (5:2)S(5.%) (19)
L(S)T (s, %) |,

Xey

xex W, (5).T (joo, X)

WS (SIX)S(J(O!X):U where {a) € [a)min ' a)max]

< min| maxo { _
@ l'xe[xmin ’Xmax]

Its solution is given using the fminimax function of the Matlab software, in which the new design
parameter vector is defined by x =[K |, K, K, 7,4, 1, Mg, g I.
%/_/

K(s,X) Ws (s,x)
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5. SIMULATION RESULTS AND DISCUSSIONS
5.1. DC Motor Model

The DC machines are characterized by their simplicities and flexibilities. By means of various
combinations of the shunt, series and the separately excited field windings, they can be designed to display a
wide variety of volt-ampere or speed-torque characteristics for both dynamic and steady-state operation. The
systems of DC machines have been frequently used in many applications requiring a wide range of motor
speeds and a precise output motor control. The diagram of typical DC motor is shown by Figure 2.

Figure 2. Schematic diagram of the DC Motor

A well-known linear model of DC motor for the speed control system is shown in Figure 3.

Velocity
\f:oltage Armature Torque Load ofs) 2 Angle
L T(s) &(s)
_).@}_). ur . - 1 V —).
_T (Ls+R) > (Jf+B) >k
K,
4

Figure 3. Bloc Diagram of DC Motor

According to Figure 3, the plant-model from the input voltage, V (s) to the output velocity w(s) is
given by (20)

o(s) _ Ky
V(s) (Ls+R)(Js+B)+K¢ 20)

Thus, the nominal plant-model from the angle &(s) to the voltageV (s) is defined as (21)

_o6) 1 Ky
N@)_VG)_S{05+R)@S+B)+K§} )

The nominal values of DC motor are summarized by Tablel. We get

Table 1: DC Motor parameters

Motor Parameters Value Unity
J 0.02 kg.m%/s?
B 0.2 N-m.s/rad
Ko 0.1 N.m/A
R 2 ohm
L 05 H
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For the weighted-mixed sensitivity formulation problem, the frequency range
(@i @ ] = [L07*, 107] is used where the same fixed robustness weight of [21] is chosen. We get (22):

~ 0.2619(s +17.38)(s + 4.187)

W, (S) (s+21.26)(s+5.018)

(22)

IR +%/I
In the next section, the adjustable weighting function W (s, x) is defined by W (s) :W—S’
+s

where 1< M  <1.5and 60 < @, <100.

For the FO-PID synthesis controller step, the lower and upper bounds that limit the design controller
1<K, K, Ky 300

vector are chosen as {10° <7 <107 , Where the fminimax function is initialized by the lower bound
10 <A, u<l
vectory =[1,1,1, 10,10, 10, 1, 60] - The obtained solution of (19) yields also the following
K(s:%) Ws (s.%)
transfer functions
70.2270+ S 0.9931
a) PFO-PID:W, (s,x) = 1001229 'y (5,x")=196.785+ 24,9195 0%t , 1108578
P 70.2270x107* +5s - 1+0.00032s
S
80.8870+ 1.02386

b)  SFO-PID:W, (s,X") =

K(s,x") = 200.026(1+12.1843s°'1°3).(1+

80.8870x10~* +s

0.5667s%%*
1+0.00851s |

The obtained performances by the PFO-PID controller are compared with those given by the
conventional integer H,, controller. Its transfer function is given by the Hinflmi function of the Matlab

environment which solves the weighted-mixed sensitivity problem based upon both weightsW;_ (s,x")and
W, (s) . Nevertheless, the performances of the SFO-PID controller are compared with those given by the
conventional integer H.. controller, in which both weightsW,_ (s,x") andW, (s) are used in the optimization
problem. Finally, the obtained performances of previous controllers are compared with those given by the
conventional integer PID  controller, which its  transfer  function is given by

K () =124.358+14.3385 1 4 L1 0817S
1+0.00Ls

Figure 4 compares the singular values plots of SFO-PID, conventional integer PID and conventional
H., controllers in frequency domain. However, Figure 5 compares the singular values plots of PFO-PID,
conventional integer PID and conventional H,, controllers.

Sensitivity Functions
0 L]

S /

= -50

B /

= — o/

E -100 13 e ». d SFO-PID controller

> ol 7 — |nverse of WS

£ g s

(] /. = |nteger PID controller

-150 Hinfinity controller i
o AR R A
10" 10° 10° 10" 10’ 10" 107 10°

Frequency[rad/sec]

Figure 4. Nominal performance properties given by SFO-PID, integer PID and H,, controllers

IJRA, Vol. 7, No. 2, June 2018: 108 —118



IJRA ISSN: 2089-4856 a 115

According to figure 4, it can be seen that maximal singular values plot given by the integer PID
controller exceed the upper bounds, 1/ 0y, [Ws_ (jeo, x")]at some frequencies except, in frequency range

® €[0.07 , 1.33] radians/seconds. This can be explained in the time domain by higher sensitivity to sensor

noises. Noticing that the better NP margin is given when the maximum singular values plot of the sensitivity
function are small as much as possible at low-frequency range. So that, the robust SFO-PID controller
ensures the better margin then the H,, controller. Furthermore, in low frequency range when o < 0.005

radians/seconds, the curve of o, [S(jw,x")] is below—80 dB , which means that the load disturbances are
attenuated more than 10000 times at plant output.

Sensitivity Functions

0 1|
)
T 50
(,, ~
(]
=}
K
S I
<—§ -100 // PFO-PID controller
= / = Inverse of WS
0 P P

150 . In_tege.r PID controller |}
/ Hinfinity controller
O I IO Tl
10" 10° 10° 10t 10° 10" 10° 10°

Frequency[rad/sec]

Figure 5. Nominal performance properties given by PFO-PID, integer PID and H,, controllers

According to figure 5, the robust PFO-PID controller ensures the better NP margin than the one
given by H., controller; integer PID controller and also the robust SFO-PID controller as shown in figure 6.
For the RS case, figure 7 compares the singular values plots of SFO-PID, conventional integer PID and
conventional H,, controllers in frequency domain. However, Figure 8 compares the singular values plots of
PFO-PID, conventional integer PID and conventional H,, controllers.

Sensitivity Functions

0
/”-
Rl
T
3 ﬂ""
T 50 §
8 B
r_:U ——-"' -~
> L
s -100 S it
= o
- |
=% Ll l[ PFO-PID controller
n < Better NP
2| performance margin
-150 v P gl SFO-PID controller
i TIOOEH T Pffi | P{gill ¢ TTiom T P10 1 Tiin
10* 10° 10° 10t 10° 10" 107 10°

Frequency[rad/sec]

Figure 6. Nominal performance properties: PFO-PID vs SFO-PID

According to figures 7 and 8, it can be seen that the better RS margin is given when the maximum
singular values of complementary sensitivity matrix are small as much as possible at high frequency range.
So that, the H,, ensures the better NP margin compared with those given by integer PID, PFO-PID and
SFO-PID controllers.
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Complementary Sensitivity Functions
0 T
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Figure 7. Robust stability properties given by SFO-PID, integer PID and H., controllers
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-100 Inverse of WT
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10 10"
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Figure 8. Robust stability properties given by PFO-PID, integer PID and H., controllers

According to figure 9, it is easy to see that the singular values plot, which is given by the PFO-PID
controller is reduced at frequencies beyond the system bandwidth in order to secure robustness at high
frequency range. Furthermore, for frequencies above @ = 3200 radians/seconds, this plot is below -60 dB in
which the sensor noises are suppressed more than 1000 time at the plant output. Consequently, the PFO-PID
controller provides the better RS margin compared with the one given by the SFO-PID controller. To confirm
the above results in time domain, the set-point reference that assumed a unit-step is used. Therefore, figure 10
shows the obtained tracking dynamic of the closed-loop system given by the H,, integer PID, robust PFO-
PID and robust SFO-PID controllers. So that, the better tracking properties are ensured by the robust PFO-
PID controller, which are characterized by the fast settling time with the reasonable overtaking.

Complementary Sensitivity Functions

o1
-10
__ 20 ~
=
= 30 = ~
@ N
2 -40 oy
>
3 50
=
2
s -60 <
70 SFO-PID controller
PFO-PID controller \'\\
[ T [ i
-90 ~ 3 "
10 10 10

Frequency[rad/sec]

Figure 9. Robust stability properties: PFO-PID vs SFO-PID controllers
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Closed Loop Step Responses

1 / ] i
O
p—
) / / "
f=2]
§ 0.8 P
=
= /
8 0.6 /
w
>
2 /
4] 0.4 PFO-PID controller
a Hinfinity contoller
0.2 — Integer PID controller
SFO-PID controller
o | 1 1 ]
o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
time[sec]

Figure 10. Tracking dynamic of the closed-loop system given by the H,, integer PID, robust PFO-PID and
robust SFO-PID controllers

6. CONCLUSION

In this paper, comparisons between two fractional controller-structures have been presented for DC
speed control motor. The design controllers have been achieved using the series and parallel fractional order
PID configurations. Each controller has been designed with the automatic selection of corresponding
performance weight. The parameters of both controller and weight have been determined from solving the
weighted-mixed sensitivity problem by the fminimax function of the Matlab software. The obtained
simulation results have been compared with those given by two conventional controllers. The obtained
simulation results show the notable improvement that the proposed control strategy. However, it is also clear
that further improvements in weighted-mixed sensitivity formulation step will require introducing the
fractional weights to enhance the controller performances for the wide variation of the model parameters.
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