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1. INTRODUCTION

Fixed and mobile Manipulators are used in many applications and perform several tasks such as
conveying payloads, rehabilitation tasks and etc [1-6]. In fact, due to their advantage of high speed, accuracy
and repeatability, robot manipulators have become major component of industrial applications and even now
a days they become part of routine life. Regarding to their vast applications, dynamic modeling and motion
analysis of such systems have attracted a great deal of interests by many robotic researchers. It is well known
that robot manipulators are highly nonlinear, dynamically coupled and time-varying systems and their
dynamic analysis is a complex and challenging issue. Luh [7] studied industrial manipulators and developed
some conventional method to control dynamic motion of the manipulators. Song et al. [8] investigated
dynamic motion of robotic manipulators and proposed a computed torque controller to handle requirement of
precise dynamical models of robotic manipulators. Piltan et al. [9] presented dynamic motion of robotic
manipulators and developed a nonlinear control strategy to motion control of highly nonlinear dynamic robot
manipulator in presence of uncertainties. Rahimi et al. [10] studied dynamic analysis of elastic manipulators.
They investigated trajectory optimization of such robot using optimal control theory. Moreover, they [11]
proposed finite element method to model dynamics of elastic manipulators.

In this work, nonlinear dynamics and optimal motion planning of two-link manipulators are
investigated. To dynamic modeling of the system, the Lagrange principle is employed and nonlinear dynamic
equations of the manipulator are presented in state-space form. Then, optimal motion analysis of the
nonlinear system is developed based on optimal control theory. By means of optimal control theory, indirect
solution of results in a two-point boundary value problem which can be solved numerically. Finally, in order
to demonstrate the power and efficiency of method, a number of simulations are performed for a two-link
manipulator which show applicability of proposed method.
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2. DYNAMIC MODEL OF MANIPULATOR
As it is seen in Figure 1, a two-link manipulator is presented. The manipulator has two links and an
end-effetor

Figure 1. The two-link manipulator

The parameters of the two-link manipulator are defined as: 01 is the angular displacement of the
first link of the manipulator, 6’2 is the angular displacement of the second link, 91 is the angular velocity of
the first link, 92 is the angular velocity of the second link, L1 is the length of the first link of the
manipulator, L2 is the length of the seond link of the manipulator, M, is the mass of the first link of the

manipulator, M, is the mass of the second link of the manipulator, m, is the mass of the payload and end-

effector of the manipulator, |, is the moment of inertia of the first link and |, is the moment of inertia of the

second link.
To derive nonlinear dynamic equations of the manipulator, the kinetic energy of the manipulator T
and the potential energy U is stated as:

1 . . 1. . 1 . . 1, . 1 . .
T =Eml(xczl + yc21)+§ |16’12 +§m2(xc22 + y(:22)+5 |2022 +§mp(xf + y?) @

U=mg %sin 0, + ng(Lisin 6, +%Sin(91 +492))+ m,g(L;siné, +L,sin(6, +6,)) (@

where the velocities of each link and end-effector are given as:

X :—%élsin 6, €)
Vo = % 6, cos 6, 4)
. N T RN
%, =—L,d,sing, —7(6’1 +6,)sin(6,+6,) (5)
_ : L(s &
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y, =L cosd +L, (6,+6,)cos(6,+6,) ®

As the dynamic equations of the robot are developed by Lagrange principle, the Lagrangian function
(L =T-U) is calculated and substituted in the Lagrangian equation:

i[a_l._j_i:Qi ©)
dt\ oq; aq,

where is the generalized force related to the generalize coordinate. Now, using Lagrangian
equation the nonlinear dynamic equations of the system can be obtained in the compact form as:

Mg +V(G,q) =B~ (10)

M (@) eR™

In which 7 €R"js torque vector exerted to the joints, is the inertia matrix, B is

constant input matrix, V(@,4) €R" s a vector which presents coriolis and gravitational forces. The above
matrices are given as:

" %mlLf+m2L§+%mzL§+mp(L§+L§)+m2L1chos€Z+2mpL1L2cos€2 %mzLi+mpL22+%mpL§mZL1chos€2+mpl_1choso92 (11)
- 1 1 1
§m2L§+mpL§+§mpL§mzL1L200592+mlechosl92 5(mZJrSmp)Li
L(m, +2m )LL,6,(26,+ 6, )sin 6
—Em2+ m, )LL,6,126, + 6, )sin 6, (12)

V(d.4) =
%(m2 + 2mp)L1L29'12 siné,

2 {1 0} ®
01

Furthermore, the nonlinear equations of the robot in state-space form are given as:

, % (14)
X = X,
M (B7 V)

where the state vector is X :[X1 X, X X4]T :[6’1 o, 91 QZ]T and the torque vector
is related to torques exerted to the first and second links

3. OPTIMAL MOTION ANALYSIS

The optimal control theory is widely used many robotic applications [12-14]. In this section, optimal
motion of the two-link manipulator is analyzed. To do this, optimal ontrol theory is employed. The dynamic
equations of mobile robot in state space form is presumed as constraints of optimal control problem and it is
aimed to determine optimal state vector X* and optimal control vector u* which following objective function
can be minimized [11]:
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J(X,u) :jL(X(t),u(t),t)dt (15)

The indirect solution of optimal control problem is presented which begins from forming the
Hamiltonian function H = L+ X where  is denoted as co-state vector. Then necessary conditions for
optimal motion are obtained as the following equation which is a two point boundary value problem:

o oH * * *

X (t)zé_‘P(X (t),u (),¥ (t),t) (16)

0 =-Z X 0.0 0. 0. a7)
oH

0=22(x "), u" @), ¥ @).t) (18)

But determining the appropriate cost function is an important task in optimal control formulation
and must be considered thoroughly. For optimal motion planning of mobile robot the cost function is
assumed as a minimum energy function which includes speed and torque of actuators. Therefore, the cost
function can be rewritten as:

I(X,u) = j xa)u(t)t)dt_j(_”xn —||u||jd 19

where ||X||\il is the generalized squared norm of state vector with respect to state weighting matrix

2
W and HUHR is generalized squared norm of control vector with respect to control weighting matrix R

4. SIMULATION RESULTS
In this section, dynamic motion of the two-link manipulator is simulated. The values of the

parameters are given as: M, =2kg, m, =2kg, m  =1kg, L, =Im and L, =1m.
To simulate the optimal motion of the manipulator, it is assumed that the robot moves from initial
position (6, =0 rad, 6, =7/12 rad, 6,=0 rad/s, 6,=0 rad/s) to final position (6, =37/4 rad,

0, = 712 rad, 6,=0 radls, 6,=0 radls) during time of t, =1.25. The path of the robot is shown in figure
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Figure 2. path of the manipulator

As it is seen in Figure 2, dynamic motion of the manipulator is simulated regarding to derived
nonlinear equations of the robot. Moreover, the angular displacements of links of the robot are shown in
figures (3) and (4):

As it is seen in above figures, the angular displacements of the robot are smooth. Furthermore, the
velocities of the right and left fixed wheels of the robot are presented as:
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Figure 3. Angular displacement of first link Figure 4. Angular displacement of second link
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Figure 5. speed of the first link of the robot Figure 6. speed of the second link

As it is seen in simulation study, optimal dynamic motion of the manipulator is simulated based on
derived equations of the system.

5. CONCLUSION

In this article, nonlinear dynamics and optimal motion of two-link manipulators have been
investigated. To dynamic modeling of the system, the Lagrange principle has been employed and nonlinear
dynamic equations of the manipulator have been presented in state-space form. Then, optimal motion
analysis of the nonlinear system has been developed based on optimal control theory. By means of optimal
control theory, indirect solution of problem has been resulted in a two-point boundary value problem which
can be solved numerically. Finally, in order to demonstrate the power and efficiency of method, a number of
simulations have been performed for a two-link manipulator which show applicability of the proposed
method.
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