International Journal of Robotics and Automation (IJRA)
Vol.9, No.3, September 2020, pp. 171~177
ISSN: 2089-4856, DOI: 10.11591/ijra.v9i3.ppl71-177 a 171

Deriving the system equations of unbalanced
two-phase induction motor

Hany Ibrahim Shousha, Abdelsamie B. Kotb
Department of Electrical Engineering, Al-Azhar University, Egypt

Article Info ABSTRACT

Article history: As there is no system driven especially for the two-phase induction motor fed
. from unbalanced two-phase supply yet, so we start for derivation the system

Received Aug 20, 2019 equations for the said motor to be generally used even for the balanced or

Revised Oct 06, 2019 unbalanced two-phase supply. In this paper, we will derive a system equation

Accepted Feb 18, 2020 starting from the sequence equivalent circuit for the forward and backwards

equivalent circuits, then we will re-arrange the equations with some

mathematical assumptions which will lead us to the new system equations.
Keywords: first for the voltage equations then for the current equations and finally for
both power and torque equations. Moreover, we will put an example which

Forward and backward will cover all cases with specific values and relations charts.

equivalent circuits
Performance  of  two-phase
motor under unbalanced supply This is an open access article under the CC BY-SA license.

Sequence circuits
[©XoloN

Corresponding Author:

Hany Ibrahim Shousha,
Department of Electrical Engineering, Al-Azhar University, Egypt.
Email: h.i.shousha@gmail.com

1. INTRODUCTION

When the motor works under a general operating conditions of unbalanced stator voltages or
windings, and if we start to derive the system equations, it is necessary to start from the known equivalent
circuits which are obtained for both forward and back word components [1]. Using a special analysis which
will be required in order to completely describe the two-phase equivalent circuit or the system of the voltage
equations for the two-phase motor [2]. Using the relations between the sequence and phase values, to obtain
the important system of voltage equations for the case of unbalanced system [3]. After the derivation of
the system equations we can learn the performance of the unbalanced two-phase electrical motor, using
the symmetrical components representation for both voltages and currents [4]. These system equations
will be used for all cases for the two-phase induction motor which fed from two-phase power supply under
all conditions [5].

2. RESEARCH METHOD
2.1. Equivalent circuits of forward and backward components

From the usual equivalent circuits of forward and backward components, the following equations
for both components are shown in Figure 1. From the figure, we can express the voltage equations as
the following:

st = (Rs+j XLS+ij) Isf+jxm Irf
Vit = X ls+ (Xm+ R /8) It

Vsb = (Rs+jXLS+ij)|sb+ij|rb
Vib = jXmlo+ (JXm+ R/ (2-58)) I
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Figure 1. Single-phase equivalent circuits for a two-phase motor under unbalanced condition

(a) forward field and (b) backward field

For the above equivalent circuits there are some assumptions

Zn
Zsm
St

ij ZS = R5+jxs'l
Zn+ Zs Zo = Zpn+ X+ (R /St)
S, S=(2-S)

The symmetrical components relations for the voltages are

st
Vit

(Vsl+jV52)/21 Vsb
(Vr1+JVr2)/2: Vrb

(Vsl—jVsz)/Z
(Vrl_JVrZ)/Z

and for the currents are

Isf
It

( Isl +j ISZ)IZ! Isb
(II’1+JII’2)/21 Irb

(Isl_j |52)/2,
(Irl_J |r2)/2-

2.2. Solution of the forward and backward currents
Mathematical analysis for derivation of the system equations is to obtain the system equations of
the voltages and currents.

2.2.1. For voltage system equations using the symmetrical components
For voltage system equations using the symmetrical components, we use:

Vsl
Vrl

The similar relations for the currents are:

Isl
Irl

(st+vsb): Vsz = *J: (st*Vsb),
(Vig+ Vy), Vie = =j(Vi—Vn),
( Isf + Isb )1 Isz = *J: ( Isf* Isb )7
(Irf+|rb)v |r2 = *J(Irf*Irb)y

From the previous analysis, the above system of equations, can be used to obtain the following general
system of equations for the phase voltages of the two-phase induction machine in the general forms.

Va

(st+_Vsb) . . ] . )
(Re+jXis+jXm) st + JXm If + (Ro+jXis +J Xm ) lsp + ] Xm L'
(RS+JXLS+JXm)-(Isf+|sb)+JXm(|rf+|rb)

using the previous current equations we get

Vsl = (Rs+jXLS+ij)-Isl+jxm.|r1

By the same manner,

Vez

Vsz

_j(st_Vsb)

*j((Rs+jXLS+ij) Isf+jxm Irf*(Rs+jXLS+ij)Isb*jxmlrb
((( Rs+jXLS+ij)-*j(Isfflsb)"'jxm(*j(lrf*lrb))
(Rs+jXis+jXm) I+ Xm |2
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For the other voltage equations

Vrl = (Vrf+Vrb)

Vit = Malg+ ([ Xn+ R /8) It

Vi :J:Xmlsb+(_jxm+(Rr/(2_'5)))Irb )

Vrl = Xm Isf+(JXm+Rr/5)|rf+JXm Isb+(JXm+(er(2_S))) Irb

We will divide the previous equation into two parts to solve them separately then we will collect them again:
Vi = [Xm s+ Xm I, 1+ [(J Xm + Re/8) b+ (JXm + (Re/(2-5))) I ]

For the first part
[Xmls+iXmlsp ] = o (lstlen) = jXmls

For the seconsd part

[(Xm*+Re/s) I+ (JXm+ (R /(2-5))) ] =
jxm(lrf+lrb)+(Rr/S)Irf+(Rr/(2_S)) Irb

JXmln +((2=8) R/ (s(2=5)) s+ (SR /(5(2-5))) Iy
JXmln + [(Re/(s(2-5))) . ((2=5) i+ s1p)]
ij|r1+(Rr/(S(2_S)))-[(1+l_5)Irf_(_1+1_s)|rb]
ij|r1+(Rr/(S(2_S)))-[Irf+Irb+(l_s)-(|rf_|rb)]
jxm|r1+(Rr/(S(2_S)))-[|r1+j(1_s)|r2]

[iXm I+ (Re/(s(2=8)) I +j(1=5)[(Re/(s(2-5))) .1

Then for both parts
Vi = Xl # [ X+ (R/(S (2= la+j(1-8) [(R/(s(2-5))). I

for the following equation

Ve = =J(Vii—Vn),
Vrf = jxmlsf+(jxm+Rr/S)|rf| Vrb = ijlsb+(ij+(Rr/(2_s)))Irb

as the same for the previous equation of the V,;

Vr2 *J:[J:Xm Isf+(jxm+R_r/S) Irf*jxm Isb*(jxm"'(Rr/(z*S)))lrb
*J[JXm.(Isfflsb)"'JXm.(Irf*Irb)"'Rr/S-Irf*(Rr/(Z*S)) Irb

*j[(*xm.lsz)*(xm.|r2)+[Rr/S- Irf*(Rr/(zfs)) Irb]]

for the second part of the equation

Rr/S-Irf_(Rr/(Z_S)) Irb]

((2=s)Re/(s(2-38)) bt—(sR:/(s(2-5))) I
(Re/(s(2-5)).((2=s) ls—sln)

(Re/(s(2-8)). [(1+1-s)ls+(-1+1-s)Ip]
(Re/(s(2=s)))-[1 (=) (le=l) +(1=5). (le+1w)]
(Re/(s(2=s))[ile+j(1-5).1u]

Then for both parts

JVe=[(1-5).R/(s(2-38))) . lu*+ (R /(s(2-8))+jXm).In
+J (R (1-58)/(s(2-5)). I

Then we drive the following system equations for voltages

Vsl = (Rs+jXLS+ij)-Isl+jxm.|r1

IVo= (Re+jXis+]Xn)  jlo+jXn]jle

Vio = Xl + [JXm+ (Re/(S (2=l +j(1-5)[(R/(s(2-5))). I
JVe=1[(1-5).R/(s(2-5)) . ln+ (R /(s(2-8)) +jXm) . In

+i(R . (1-8)/(s(2-58))) . I
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2.2.2. For current system equations
Using the previous equations for the single-phase equivalent circuits will give as the following:

Vi = Zsm . lsg—Zm i
Vrf = Zmr- Irf* Zm . Isf
Irf = (Zsm-lsf)/szvsf/Zm

Also, according to the relation between current, impedance and voltage
Irf = (Zm/Zmr).Isf
Then,

Irf (Zm/Zmr)-Isf: (Zsm-lsf)/szvsf/Zm
st/Zm [(Zsm/zm)*(zmlzmr)]-lsf
Isf :[Zmr/((zsm-zmr)fzmz)]-st

Now we get the first current equation as following

[Zmr/((zsm-zmr)_zmz)]-st
[(Zn+ X+ (R /SO I (((Zm+ Zs) . (Zn + X+ (Re/ S¢))) = Zin *)] - Vg

Isf
Isf

Using the following equation

Vrf = Zmr- Irf_Zm . Isf =0
Then we get
e = [Zm/((zsm-Zmr)_zmz)]_-vsf )
Irf = [Zm/(((zm+zs)-(Zm+JXr+(Rr/Sf)))_Zm )]-st

Then we can express for the forward as the following

Isf
It

[(Zm+jxr+(ersf))/(((zm+zs)-(Zm+jxr+(Rr/Sf)))_Zm2)]-st
[Zn! ((Zm+Zs) . (Zm+ X+ (R 1 S)) ~ Zn ?)] - Vg

For the backwards,

[(Zm+jxr+(ersb))/(((zm"'zs)-(Zm+jxr+(Rr/Sb)))*Zm2)]-Vsb
[Zn! ((Zn+Zs) . (Zn+ X+ (R 1Sp))) ~ Zn 2)] - Vi

Isb
Irb

To obtain the air gab power equation
Irf = (|r1+j|r2)/2a Irb

For the Py we use the expression

(Irl_j |r2)/2

Pg = msly Irf*Rr/Sfy
20 = Ly +jlait] !rZr* lioi
= (Irlr*IrZi)+J(|rli+|r2r)
Then
2Irf = (Irlr_lrzi)+j(|r1i+IrZr): erf* = (Irlr_lrzi)_j(|r1i+|r2r)
ng = m; Irf Irf*Rr/Sf
= [(( ms Rr)/4 S) . ((( Irlr* Ir2i )2+j ( Irli + Ir2r )2 . (( Irlr* Irzi)*j ( Irli + Ir2r ))
= [((ms.Rr)/4S)-(( Ir12r*|r2i) +(|r1i +2|r2r) 2) )
= [(( ms Rr)/4 S) . ( Irlr -2 Irlr- Ir2i + Ir2i + Irli +2 Irli. |r2r+ Ir2r ))]
And for, |,
Pgb ms Irb Irb*Rr / Sbs

Irb (Irl_j |r2)/2
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With the same manner

21y = by +jlai—j I_r2r+ loi
= ( Irlr + Ir2i ) +J ( Irli_ Irzr)
then:
2 Irb = ( |r1r+ Ir%{i ) +j ( Irli_ |r2r): 2 Irb* = ( Irlr + Irzi)_j ( Irli_ |r2r)
Pgb = Mgl iy R/ 8p, ) )
= [(( ms Rr)/4 Sb) : (( Irlr + Ir2i ) ;’J ( Irli_ Ir2r )) 2(( Irlr + |r2i)_J ( Irli_ Ir2r ))
= [((ms Re)/4sp). (( |r12r+ Iai ) “+ (( |r1i—2|r2r)2) ,
= [(( ms Rr)/4 Sb) . ( Irlr +2 Irlr- Ir2i + Ir2i + Ir1i -2 Ir1i. Ir2r + Ir2r ))]
where
Py Pgi — Pgp

[(( ms . Rr)/4 S) . ( |r1r22_ 2 Irlr- Ir2i + |r2i2'2" Irli2 '2" 2 Irli. Ir2r + Ir2r2 g)] -
[(( ms.Rr)/45b)-(|r1r +2|r1r-2|r2i+|2r2i +|£1i _2|r1i.|r2r+|r2r ))] )
[((ms.Rr)/(ZS-(Z_S)))-(Irlr +|r2i +|r2r +(1_S)-(2|rlr-|r2i+2|r1i.|r2r+|r1i ))

For the power equations

Pyt
Pgb

Mg Ie 1R / s,
%
ms Irb Irb Rr/Sb:

where, s = sand s, = 2-5

Pg = ng_Pgb
Pm = Pg.(1-5s)
T = Pglos

where s = @ / p, with p = number of pole pair.

2.3. Performance of two-phase motor under unbalanced supply

Case study for different values of the phase angle of the second voltage source uses Matlab software
for simulation the results according to different values of the voltage angle values (90° 60° 30° 15° 0°) and
other assumptions as the following

V=220 v ac, £=50 Hz, p=2, w=2.*pi.*f,ws=w./p,ms=2,Vs=v,

Xn=40 Q,Zy=7.%%Xn Q,rs=2 Q,Xs=2 Q,X,=2 Q,r.=2 Q,
no=1.0,Bv2=(pi./2.).*1./no,vs2=v.* ((cos (Bv2))-(j.*sin(Bv2))),
s=0.00:0.001:1,

S¢=S, Sp=2.-S

From the previous values and using Matlab we can get the result as in Figures 2-5.

T1,T2,T3,T4,To

—T1(90) |
-10 wen T2 (60)
T3 (30)
T4 (15)
TO (0)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2. The control of the torque
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i pm1 ,pm2,pm3,pm4,pfno

s P11 (90) ‘
w— PM2(60)
Pm3(30)

m— Pm4 (15)

4000 -

3000 -

2000

1000

0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1

Figure 3. The control of Pm

b Is11,Is12,Is13,Is14,Is10

s |51 90)

— |52 (60)
1s3(30)

|54 (15)

w= |so (0)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4. The control of Is1

1s21,1s22,1s23,1s24,Is20

45
- e e
40 - - - g
’
35+
/2 ”
V4
30 /7
/
25 3
00 —521(90)
- 1522(60)
15 1s23(30)
10/ - 1524(15)
== |520(0)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5. The control of Is2

3. RESULTS AND DISCUSSION

The target achieved, as we derive a system equations of unbalanced two-phase induction motor
could be applied for any running conditions of the motor, even it runs in balanced or un-balanced conditions
according to the following equations:
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4,

Va = (Rs+jXs+]Xm) - la+ X In
VSZ = (Rs+jXLS+ij)-|52+ij|r2
Vio = X la + [ Xm+ (Re/(8(2=5))]ln+j(1-8)[(R/(s(2-5)). I
JVe=[(1-5).R/(s(2-5)) . ln+ (R /(s(2-5))+]Xm) . ln
+j (R (1-5)/(s(2-5)).le
Isf = [(Zm+jxr+(Rr/Sf))/(((Zm+Zs)-(Zm+jxr+(Rr/Sf)))*Zm2)]-st
Irf = [Zm/(((zm+zs)-(Zm+jxr+(Rr/Sf)))*Zm2)]-st
Isb = [(Zm+jxr+(Rr/Sb))/(((Zm+Zs)-(Zm+jxr+(Rr/Sb)))_Zm2)]-Vsb
Iy = [Zm/(((zm+zs)-(Zm+jxr+(Rr/Sb)))_Zm2)]-Vsb
i = (la+jlo)/2, Iy = (la—jle)/2
ng = Mg Irf*Rr ! ss,
Pgb = Mgy Irb*Rr ! S,
Pg = [((ms.Rr)/(ZS-(Z_S)))-(|r1r2+|r2i2+|r2r2+(1_s)-(2|r1r-|r2i+2|r1i.|r2r+|r1i2))
Pm = Pg.(1-5s)
T = Pg/ws
CONCLUSION

As there is no system driven especially for the two-phase induction motor fed from unbalanced

two-phase supply, so we start for derivation the system equations for the said motor to be generally used even
for the balanced or unbalanced two-phase supply. In this paper, we derive a system equation starting from
the sequence equivalent circuit for the forward and backwards equivalent circuits, then we rearrange
the equations with some mathematical assumptions which lead us to the new system equations. first for
the voltage equations then for the current equations and finally for both power and torque equations.
Moreover, we put an example which cover all cases with specific values and relations charts.
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