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 Autonomous underwater vehicle (AUV) are underwater robotic devices 

intended to explore hostiles territories in underwater domain. AUVs research 

gaining popularity among underwater research community because of its 

extensive applications and challenges to overcome unpredictable ocean 

behavior. The aim of this paper is to design discrete time terminal sliding 

mode control (DTSMC) reaching law-based employed to NPS AUV II 

purposely to improve the dynamic response of the closed loop system. This is 

accomplished by introducing a nonlinear component to sliding surface design 

in which the system state accelerated, and chattering effect is suppressed. 

The nonlinear component consist of fractional power is to ensure steeper 

slope of the sliding surface in the vicinity of the equilibrium point which lead 

to quicker convergence speed. Thus, the chattering effect in the control 

action suppressed as the convergence of the system state accelerated. The 

stability of the control system is proven by using Sarpturk analysis and the 

performance of the DTSMC is demonstrated through simulation study. The 

performance of DTSMC is benchmarked with DSMC and PID controller. 
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1. INTRODUCTION 

Autonomous underwater vehicle (AUV) is used for autonomous mission under hundreds of 

thousands of meters depth ranges for tens of hour [1-8]. Owing good working capabilities in deep ocean, 

AUV has been successfully applied in military, underwater inspection of oil/gas pipelines and risers, ocean 

forecasting and ecosystem monitoring. A typical AUV problem is position tracking control which aim to 

steer the AUV to follow desired position precisely [2, 9]. However, due to AUV complex dynamics, 

nonlinearity, parametric uncertainties, external disturbances, and measurement noise the controller 

performance degraded. To solve the control problem of AUV, many kind of controllers, namely linear [3-5] 

intelligent [6, 7] and robust controller [10, 11] method have been executed for the AUV position tracking 

control problem. Although the linear controller such as proportional-integral-derivative (PID) could 

established with acceptable performance, real AUV applications face a lot of uncertainties in the complex 

ocean environments. The PID alone however does not robust to those uncertainties [3-5]. Nevertheless, 

various kind of auto gain tuning method were introduced in [12, 13] to improve PID effectiveness on AUV. 

However, the performance is sensitive to specific requirement, model accuracy and disturbance 

characteristic. For this reason, several study on intelligent control method such as fuzzy logic (FL) [12-14] 
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and neural network (NN) [15-17] dedicated to AUV shows suitable performance. FL and NN, required expert 

experience about the fuzzy rules and sample training for NN [18, 19]. Thus, it’s difficult to implement in real 

time for AUV control system [20, 21].  

Sliding mode control (SMC) has shown robustness and efficient way to cope with system 

disturbances in comparison to other control approaches [20]. The essence of sliding mode control is to force 

the system state to converge to sliding surface and remain on it for subsequent time. Once the sliding surface 

intercepted, the behaviour of the dynamic system governed by the sliding mode phase. Thus, the dynamic 

system become stable and robust to system variation. However, during sliding mode phase, undesirable high 

frequency oscillation in switching frequency results chattering motions which deteriorates SMC performance. 

As reported in literature, chattering reduction of reaching law-based is obtained by choosing small control 

gain. However, small control gains lead to longer reaching phase and poor robustness [21]. Moreover, the 

system state convergence to equilibrium point is asymptotically due to linear property of the classical SMC. 

The asymptotical stability may not deliver fast convergence without strong control force. To overcome the 

shortcoming, various effort has been proposed to improve convergence process and reduce chattering effect 

at the same time. For instant, novel reaching law introduced in [22], higher order sliding surface [23], integral 

sliding surface [24], nonlinear sliding surface [25, 26] so on and so forth. In this research, nonlinear sliding 

surface is presented in order to improve the state convergence acceleration and reduce the chattering effect 

thus the dynamic response of the closed loop system can be improved in comparison to classical SMC and 

commercial PID controller. 

Terminal sliding mode control (TSMC) introduced in early 1990s is one of nonlinear sliding 

surface. The term “terminal” referred to the equilibrium point as the terminal attractor in which the system 

state reached the equilibrium point in finite time and stable. By introducing the nonlinear power rule in the 

sliding surface design, the convergence rate of the system state accelerated once the sliding surface 

intercepted and the chattering effect is suppressed. As a result, the transient response of TSMC improves 

substantially. In recent work, DTSMC has been used successfully in AUV control design to achieve fast and 

finite time convergence [27-32] and mostly are in continuous time domain. However, due to technology 

advancement, the effectiveness of continuous SMC in real applications remains inadequate [33, 34]. For this 

reason, discrete time terminal sliding mode control (DTSMC) application become reasonable [35-39] to 

AUV control design. 
 

 

2. MODEL OF NPS AUV II  

2.1.  Nonlinear equation of motion 

Considering Newton-Euler formulation, the 6-DOF nonlinear equation of motion (EOM) of AUVs 

are defined as 

 

𝑀𝑣̇ + 𝐶(𝑣)𝑣 + 𝐷(𝑣)𝑣 + 𝑔(𝑛) = 𝜏 (1) 

 

where, 𝑀 ∈ ℜ6𝘹6 is the inertia matrix of AUVs rigid body including added mass, 𝐶𝑅𝐵(𝑣) ∈ ℜ6𝘹6 is the 

Coriolis and centripetal dynamics matrix including added mass, 𝐷(𝑣) ∈ ℜ6𝘹6 is the damping matrix that 

consists of the drag and lift terms, 𝑔(𝑛) ∈ ℜ6 is the restoring forces and moment vector which contain 

gravitational and buoyancy forces and 𝜏 ∈ ℜ6 is the vector of control inputs relating to the forces and 

moments acting on the AUV. Fossen in [40] proposed a AUV formulation using a society of naval architects 

and marine engineers (SNME) standard where two coordinate system known as the body fixed frame (BFF) 

and the Earth Fixed Frame (EFF) are introduced for convenience as shown in Figure 1 and Table 1. Notation 

vectors in BFF are defined as  
 

𝑣  = [𝑣1 𝑣2]
𝑇 (2) 

 

𝑣1 = [𝑢 𝑣 𝑤]𝑇 Linear velocities  (3) 

 

𝑣2 = [𝑝 𝑞 𝑟]𝑇 Angular velocities  (4) 

 

The notation vector in EFF are defined as: 

 

𝑛 = [𝑛1  𝑛2]
𝑇 (5) 

 

𝑛1 = [𝑥  𝑦  𝑧]𝑇 ∈ ℜ3 Position Of Origin  (6) 

 

𝑛2 = [𝜙  𝜃  𝜓]𝑇 ∈ ℜ3Angles orientation of roll, pitch and yaw  (7) 
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Force and torque control input vector is defined as 

 

𝜏 = [𝑋  𝑌  𝑍  𝐾  𝑀  𝑁]𝑇 (8) 

 

The 6-DOF nonlinear EoM and coupled equations lead to complexcities in the controller design. 

Therefore, the 6-DOF EoM is divided into three non-interacting subsystems [41, 42]. Grouping certain key 

motion equations together and considering the rolling mode 𝑝(𝑡) and 𝜙(𝑡) is passive, the decoupled 

subsystems are indicated in Table 2. 

 

 

 
 

Figure 1. The schematic of NPS AUV II BFF and EFF [40] 

 

 

Table 1. The notation of NPS AUV II for marine vessel [40] 
Degree of freedom  Forces & moments Linear and angular velocities Position and euler angles 

Surge 𝑋 𝑢 𝑥 
Sway 𝑌 𝑣 𝑦 
Heave 𝑍 𝑤 𝑧 
Roll 𝐾 𝑝 𝜙 
Pitch 𝑀 𝑞 𝜃 
Yaw 𝑁 𝑟 𝜓 

 

 

Table 2. The notations of NPS AUV II for marine vessel [40] 
Subsystem Description Control Input 

Speed 𝑢(𝑡) 𝑛(𝑡) 
Steering 𝑣(𝑡), 𝑟(𝑡), 𝜓(𝑡) 𝛿𝑟(𝑡) 

Diving 𝑤(𝑡), 𝑞(𝑡), 𝜃(𝑡), 𝑧(𝑡) 𝛿𝑠(𝑡) 

 

 

2.2.  Pitch and depth (motion in diving plane) linearized equation of motion 

This research focus on the diving autopilot controller design. For this reason, steering parameters are 

set to zero (𝑣 = 𝑝 = 𝑟 = 𝜙 = 𝜓 = 0) where diving EOM are focus on heave velocity w, the angular velocity 

in pitch 𝑞, the pitch angle 𝜃,the depth 𝑧 and the elevator plane deflection 𝛿𝑠 are considered. Noting that the 

NPS AUV II moves very slow during vertical direction [43-48]. Therefore, heave velocity w is considered 

negligible. Simplified nonlinear dynamics EOM is then given as 

 

𝑞̇ =
𝑀𝑢𝑞𝑢𝑞−𝑊𝐵𝐺𝑧̅̅ ̅̅ ̅̅ 𝑠𝑖𝑛𝜃+𝑀𝛿𝛿𝑠

𝐼𝑦−𝑀𝑞̇
 (9) 

 

𝜃̇ = 𝑞𝑐𝑜𝑠𝜙 (10) 

 

𝑧̇ = −𝑢𝑠𝑖𝑛𝜃 (11) 
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During steady state motion, forward velocity is constant (𝑢 = 𝑢𝑜), pitch angle is constant (𝑠𝑖𝑛 𝜃 =
𝜃0) and pitch velocity is zero (𝑞0 = 0). Therefore, the linearized equation of motion for diving plane is 

written as: 

 

𝑞̇ =
𝑀𝑞̇−𝑊𝐵𝐺𝑧̅̅ ̅̅ ̅̅ 𝜃+𝑀𝛿𝛿𝑠

𝐼𝑦−𝑀𝑞̇
 (12) 

 

𝜃̇ = 𝑞 (13) 

 

𝑧̇ = −𝜃𝑢0 (14) 

 

The diving linearized model in (12), (13) and (14) can be transform to state space model by 

choosing the output as 𝑦 = 𝑧. 

 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝛿𝑠(𝑡) + 𝐵𝑑(𝑡) (15) 

 

𝑦(𝑡) = 𝐶𝑥(𝑡)  

 

with 𝑥 = [𝑞 𝜃 𝑧]𝑇 ∈ ℜ3, 𝛿𝑠 ∈ ℜ.Where 𝐶 = [0 0 1] ∈ ℜ3. The matrices A and B are the state and 

input matrices respectively, 𝑑 ∈ ℜ is the lumped disturbance [46] as (16). 

 

𝑑(𝑡) = 0.1 sin 0.02𝑡 (16) 

 

Finally, the diving motion linear model is reduced to the form 

 

[
𝑞̇

𝜃̇
𝑧̇

] =

[
 
 
 

𝑀𝑞

𝐼𝑦 − 𝑀𝑞̇

−𝑊(𝑍𝐺 − 𝑍𝐵)

𝐼𝑦 − 𝑀𝑞̇

0

1 0 0
0 −𝑢0 0]

 
 
 

[
𝑞
𝜃
𝑧
] + [

𝑀𝛿

𝐼𝑦 − 𝑀𝑞̇

0
0

] 𝛿𝑠 + [

𝑀𝛿

𝐼𝑦 − 𝑀𝑞̇

0
0

] 𝑑 

 

(17) 

 

where 𝑀𝑞 is the pitch moment due to pitch velocity, 𝑀𝑞̇ is the pitch moment due to the rate of change of pitch 

velocity, 𝐼𝑦  is the vehicle inertia around the pitch axes, 𝑊 is the AUV weight, 𝑍𝐺 is the center of gravity, 𝑍𝐵 

is the center of buoyancy, 𝑢0 is the velocity and 𝑀𝛿  is the elevator lift coefficient. 
 

 

3. DISCRETE TIME SLIDING MODE CONTROL FOR NPS AUV II  

In this section, the discrete-time SMC approach is employed to design digital control for NPS AUV 

II during diving motion. First, the zero_order_hold (ZOH) is used to obtain the discrete-time model of system 

in (17) with a sampling interval of 𝑇 which gives 
 

𝑥(𝑘 + 1) = 𝛷𝑥(𝑘) + 𝛤𝛿𝑠(𝑘) + 𝛤𝑓(𝑘) (18) 

  

𝑦(𝑘) = 𝐶𝑥(𝑘)  
 

where 𝑥(𝑘) ∈ ℜ3 is the state and 𝛿𝑠 ∈ ℜ is the control input vector and Φ ∈ ℜ3𝘹3 and 𝛤 ∈ ℜ3 are the system 

matrices. The matrices of Φ and 𝛤 are in appropriate dimension and 𝑓(𝑘) ∈ ℜ results from parametric 
uncertainties and exogenous disturbances. Above matrices and vectors are defined as 
 

𝛷 = 𝑒𝐴𝑝𝑡 ,    Γ = ∫ 𝑒𝐴𝑝𝑡
𝜏

0

𝐵𝑝𝑑𝑡                                                                 
(19) 

  

𝑓(𝑘) = (𝐶𝑇)−1𝐶 ∫ 𝑒𝐴𝑝𝑡
𝜏

0

𝐵𝑝𝑓((𝑘 + 1)𝜏 − 𝜏)𝑑𝜏 
 

 

where 𝐴𝑝 and 𝐵𝑝 are the nominal values of the matrices 𝐴 and 𝐵 respectively. The disturbance 𝑓(𝑘), in the 

discrete time system is represented as 
 

𝑓(𝑘) = 𝛥𝛷̅𝑥(𝑘) + 𝛥Γ̅𝛿𝑠(𝑘) + 𝑑(𝑘) + 𝑂(𝑇3) (20) 
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where 𝛥𝛷̅ ∈  ℜ3 and 𝛥Γ̅ ∈  ℜ3 are vectors of parameter uncertainties and 𝑂(∙) is the order of ‘∙’ [27]. Based 

on discrete-time model (18), both the DSMC law and the DTSMC law are designed to improve the transient 

response of the system and reducing chattering effect in the control input. 

 

3.1.  Designing discrete time SMC law (DSMC) 

For discrete time system in (18), the sliding mode surface is linear and chosen as 

 

𝑆(𝑘)  = 𝐶𝑠𝑒(𝑘) = 𝐶𝑠(𝑥𝑟(𝑘) − 𝑥(𝑘)) (21) 

 

where 𝑒(𝑘) is the position tracking error, 𝑥𝑟  is the reference input and 𝐶𝑠 is the sliding matrix which is to be 

designed for the best possible performance of the system. 

Since it is desirable to have a robust controller, therefore DSMC law is obtained by combining 

equivalent control method with Gao’s reaching law [47] as 

 

𝑆(𝑘 + 1) = (1 − 𝛼𝑇)𝑆(𝑘) − 𝜀𝑇𝑠𝑔𝑛(𝑆(𝑘)) (22) 

 

where 𝑇 is the sampling interval of discrete time system, 𝜀 > 0, 𝛼 > 0  and  |1 − 𝛼𝑇| < 1. From (18), 

(20), (21) and (22) the discrete time sliding mode dynamics is defined as 
 

𝑆(𝑘 + 1) = [
𝐶𝑠𝛷𝑥(𝑘) + 𝐶𝑠𝛤𝑓(𝑘) +𝐶𝑠𝑥𝑟(𝑘 + 1) + 𝐶𝑠𝛿𝑠(𝑘)

−(1 − 𝛼𝑇)𝑆(𝑘) + 𝜀𝑇𝑠𝑔𝑛(𝑆(𝑘))
] 

(23) 

 

The sliding mode is obtained when 𝑆(𝑘 + 1) = 0 is achieved. By applying this condition into (23) 

and considering matching condition are satisfied as in [47] the DSMC control law defined as 
 

𝛿𝑠(𝑘) = −(𝐶𝑠𝛤)−1 [
−𝐶𝑠𝑥𝑟(𝑘 + 1) + 𝐶𝑠𝛷𝑥(𝑘) + (1 − 𝛼𝑇)𝑆(𝑘)

−𝜀𝑇𝑠𝑔𝑛(𝑆(𝑘)) + 𝑓0 + 𝛿0𝑠𝑔𝑛(𝑆(𝑘))
] 

(24) 

 

where 𝒇𝟎 is the average value of disturbance and 𝜹𝟎 is the maximum admissible deviation of disturbance in 

(20).  

 

3.2.  Design discrete time terminal SMC law (DTSMC) 

In this section, DTSMC law is designed to improve the convergence acceleration of the position 

tracking error. Firstly, the nonlinear sliding surface is designed as: 

 

𝑆𝑇(𝑘) = 𝐶𝑇𝑠𝑒(𝑘) + 𝛽𝑒3

𝑞𝑐
𝑝𝑐(𝑘) 

(25) 

 

where 𝛽 > 0, 𝑝𝑐 and 𝑞𝑐 are both positive odd integers such that  𝑝𝑐 > 𝑞𝑐  , 0 <
𝑞𝑐

𝑝𝑐
< 1 and 𝐶𝑇𝑠 is the terminal 

sliding matrix which is to be designed for the best possible performance. 

Replacing (18), (20), (22) and (25), the discrete time terminal sliding mode dynamics is defined as: 
 

𝑆𝑇(𝑘 + 1) = [
𝐶𝑇𝑠𝛷𝑥(𝑘) + 𝐶𝑇𝑠𝛤𝑓(𝑘) + 𝐶𝑇𝑠𝑥𝑟(𝑘 + 1) + 𝐶𝑇𝑠𝛿𝑠(𝑘)

+𝛽𝑥3

𝑞𝑐
𝑝𝑐(𝑘) − (1 − 𝛼𝑇)𝑆(𝑘) + 𝜀𝑇𝑠𝑔𝑛(𝑆(𝑘))

] (26) 

 

By applying similar method as in section, A, DTSMC law is obtained as: 
 

𝛿𝑠(𝑘) = −(𝐶𝑇𝑠𝛤)−1 [−𝐶𝑇𝑠𝑥𝑟(𝑘 + 1) + 𝐶𝑇𝑠𝛷𝑥(𝑘) − 𝛽𝑥3

𝑞𝑐
𝑝𝑐(𝑘 + 1)

+𝑆(𝑘) − 𝛼𝑇𝑆(𝑘) + 𝑓0 + 𝛿0𝑠𝑔𝑛(𝑆(𝑘))
] (27) 

 

3.3.  Stability analysis on DTSMC law 

The stability condition for DTSMC law in (27) is necessary to prove the movement of the state 

trajectory along the sliding surface must be terminated at a stable origin. Considering Sarpturk stability 

analysis in [48] which gives the inequalities as (28) and (29). 
 

[𝑆𝑇(𝑘 + 1) − 𝑆𝑇(𝑘)]𝑠𝑔𝑛 (𝑆𝑇(𝑘)) < 0 (28) 

  

[𝑆𝑇(𝑘 + 1) + 𝑆𝑇(𝑘)]𝑠𝑔𝑛 (𝑆𝑇(𝑘)) > 0 (29) 
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using (26) and (27), the lower limit of Sarpturk stability condition in (28) can be expressed as: 

 

−𝛼𝑇|𝑆𝑇(𝑘)| − 𝜀𝑇 − 2𝛿0 < 0 (30) 

 

from (26) and (27), the upper limit of Sarpturk stability condition in (29) can be expressed as: 

 

2𝑆𝑇(𝑘) − 𝑞𝑡|𝑆𝑇(𝑘)| − 𝜀𝑡 > 0 

 

(31) 

 

from both conditions (30) and (31), it can be concluded that, the DTSMC law is stable when 𝛿0 > 0. 
 

 

4. SIMULATION 

In order to demonstrate the performance of the DSMC controller, simulations are conducted based 

on diving plane EOM of NPS AUV II as shown in Figure 1 and dynamics model EOM in (17). Considering 

the nominal model parameters are given in Table 3 with parametric uncertainty and external disturbances 

effect on the model dynamics as in (16). All controller parameters given in Table 4. 

 
 

Table 3. The NPS AUV II model parameter [40] 
Parameter Value Units 

𝑚 5443.4 Kg 

𝑊 53400 N 

𝑍𝐺 0.061 M 

𝐼𝑦 13587 Nms2 

𝑀𝑞̇ −1.7 × 10−2 Kg 

 

 

Table 4. Controller’s parameters 
Control algorithm Table column head 

PID 𝒌𝒑 = −𝟎.𝟎𝟗,       𝒌𝒅 = −𝟎. 𝟎𝟏,   𝒌𝒊 = 𝟎.𝟐𝟑 

DSMC 
𝜀 = 0.0016,          𝑇 = 0.2s, 𝑝 = 1, 
𝐶𝑠= [0.001822 0.70 0.27 -0.0000001] 

DTSMC 
𝜀 = 0.0016, 𝑇 = 0.2s, 𝑝 = 1, 𝛽 = 3,

𝑞𝑐

𝑝𝑐

=
13

15
 

𝐶𝑇𝑠= [0.257 120 134 -0.0012] 

 

 

The performance of DTSMC, DSMC and PID controller in Figure 2 until Figure 8 are measured 

according to AUV position tracking and pitch angle response, chattering effect in the control input, position 

error convergence and rapidity of the sliding surface respectively. Commercial PID controller has faster rise 

time than DSMC and DTSMC for position tracking and pitch angle. However, the control output system for 

both position tracking and pitch angle show explicit overshoot with longer settling time as demonstrated in 

Figure 2 and Figure 3. Opposite to DSMC and DTSM shows no overshoot and shorter settling time. This is 

because, SMC family is kind of robust type controller to parameter variations and disturbances. 

 

 

 
 

Figure 2. Position tracking of AUV for all controllers 

 
 

Figure 3. Pitch angle of AUV for all controllers 
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The chattering effect in the control input clearly can be seen in DSMC and significantly reduced in 

DTSMC, while none in PID as illustrated in Figure 4 and Figure 5. This is because, in DTSMC the chattering 

effect supressed by nonlinear component in which the convergence speed of the system state to the 

equilibrium point is accelerated. However, in DSMC the system state forced to the sliding surface and 

asymptotically slide towards equilibrium point. The asymptotical characteristic during sliding mode phase 

prolong the convergence process as demonstrated in Figure 6. Therefore, the chattering effect in DSMC is 

higher than DTSMC. Different in PID controller where feedback mechanism is employed in the closed loop 

system and none of the switching function component introduced in the PID control law. 

Although DTSMC has faster error convergence as in Figure 6 however, the reaching phase is slower 

than DSMC as shown in Figure 7 and Figure 8 respectively. Thus, the robustness of DTSMC model in (27) 

does not surpass the DSMC model in (24). The fractional power rule in nonlinear sliding surface tend to 

reduce the magnitude of the convergence rate when the system state far away from equilibrium point. In 

other word, the convergence performance of DTSMC is sensitive to the system state initial conditions. 

 

 

 
 

Figure 4. Control input of AUV for all controllers 

 

 

 
 

Figure 5. Chattering in DSMC and DTSMC 

 

 
 

Figure 6. Convergence speed for all controllers 

 

 
 

Figure 7. Sliding surface for DSMC 

 

 

 

 
 

Figure 8. Sliding surface for DTSMC 
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5. CONCLUSION 

DTSMC which has nonlinear sliding surface applied to the diving motion of NPS AUV II 

intentionally to improve the dynamic response of the closed loop system. The fractional power in nonlinear 

component speed up the convergence acceleration and reduce the chattering effect at the same time. However 

bad convergence performance when the state far away from the equilibrium point. To overcome this 

problem, another component will be added to the terminal sliding surface design known as linear attractor. 

For this reason, Discrete Fast Terminal Sliding Mode Control (DFTSMC) came into this research which will 

be discuss on another chapter.  
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