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This article presents a dynamic modeling and control framework for a 3D
underactuated five-link bipedal robot with 14 degrees of freedom (DoF) and
eight actuators. The robot exhibits highly nonlinear, strongly coupled, and
hybrid dynamics, posing challenges for conventional control approaches. To
address these issues and introduce our research contribution, a partial
feedback linearization (PFL)-based tracking framework is proposed, which
analytically decouples the system into actuated and unactuated subsystems,
enabling efficient real-time control. Unlike hybrid zero dynamics (HZD)
methods that enforce virtual constraints online and require offline gait
optimization, or model predictive control (MPC) schemes that are online
optimization based dependent and computationally demanding, the proposed
PFL approach achieves computational simplicity and fast implementation
through closed-form control laws. In contrast to zero-moment point (ZMP)-
based controllers, PFL enables dynamic underactuated walking with PD
feedback for accurate trajectory tracking and disturbance attenuation, though
robustness to large uncertainties and disturbances may require additional
mechanisms, such as adaptive control, sliding-mode, or fuzzy logic.
Simulation results of the applied control method demonstrate the periodic
nature and stability of generated walking gaits, which proves the
effectiveness and reliability of the proposed control approach.
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1. INTRODUCTION

Walking robots have long been a central focus of robotics research due to their ability to operate in
human-centered environments. Their capacity to replicate human-like motion enables them to perform
complex tasks in hazardous or constrained settings, including disaster zones, radiation-exposed areas, and
planetary exploration missions [1]-[3]. This adaptability makes them indispensable in applications where
wheeled or tracked systems are hindered by terrain irregularities and accessibility constraints.

Unlike wheeled or quadrupedal robots, bipedal systems face distinct challenges in maintaining
balance, stability, and efficiency, particularly in 3D environments. These challenges stem from their high
degrees of freedom (DoF), strong nonlinear coupling, under-actuation, poor stability, and hybrid dynamics
during contact transitions [4]. Controlling such systems, especially 3D bipedal robots, is analytically and
computationally demanding, requiring accurate modeling and real-time optimization to ensure adaptive and
stable locomotion across varied terrains. Recent advances in control theory, optimization, and machine
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learning have driven significant progress, improving motion planning, perception, and adaptive behaviors

through data-driven control [5]-[7].

To address these challenges, researchers have developed a variety of locomotion strategies,
including optimization-based control, bio-inspired methods, and learning-driven approaches. Some rely on
offline trajectory optimization using full-order dynamic models [8], while others use simplified real-time
models that are later mapped to full dynamics [9]. Early control paradigms, notably the Zero Moment Point
(ZMP) criterion, established the foundation for maintaining dynamic balance in humanoids [10]-[14]. When
the ZMP remains within the support polygon, the robot maintains static stability—an approach successfully
applied in platforms such as ASIMO, HRP, Atlas, and Tesla Optimus [15]-[19]. However, ZMP-based
control is inherently limited to quasi-static motion and cannot accommodate underactuated bipeds with point
or line feet due to its reliance on a finite support region.

Recent studies on aerial systems under disturbances combines robust model-based control strategies,
such as sliding mode control (SMC) and its variants, with intelligent, data-driven approaches, including
neural networks, fuzzy logic, and adaptive neuro-fuzzy inference systems [20]-[26]. This hybrid framework
effectively balances rigorous stability guarantees with the adaptive learning capabilities required to handle
complex with external disturbances and parameter variations, nonlinear, and unpredictable real-world
dynamics. Its versatility is demonstrated across a range of platforms, from aerial systems under disturbances
[24] and legged robots [21] to mobile manipulators and robotic arms [22], [23], [25]. These frameworks are
particularly valuable for enhancing bipedal mobility and assistive technologies, including lower-limb
exoskeletons and prostheses [20], [26] where they simultaneously provide stability, agility, and resilience in
autonomous systems.

To overcome these limitations, the hybrid zero dynamics (HZD) framework was proposed as a
dynamics-consistent alternative. HZD enforces virtual constraints that reduce the system’s nonlinear dynamics
to a low-dimensional invariant manifold, enabling formal stability analysis and feedback-based gait design.
This framework has demonstrated provably stable locomotion in underactuated robots such as RABBIT,
ATRIAS, Cassie, and the knee-less SLIDER [27], [28], and has evolved from planar models to multi-domain
3D walking [29]-[31]. However, despite its success, HZD remains highly model-dependent, often requiring
offline trajectory optimization, and shows limited robustness to modeling errors and non-periodic
disturbances—prompting research into adaptive and learning-based HZD extensions for enhanced flexibility.

On the other hand, model predictive control (MPC) based on reduced order system, has emerged as
a robust framework that directly handles complex dynamics, constraints, and real-time optimization. By
predicting future states and optimizing control inputs over a finite horizon, MPC enables adaptive,
disturbance-resilient walking even on uneven terrain, and supports online gait generation for improved
responsiveness [32]-[34]. Recent progress in nonlinear MPC (NMPC) has extended these capabilities to full-
order systems, achieving whole-body control on robots such as AMBER-3M, TALOS, ANYmal, and
ATLAS [35]-[38]. Furthermore, hybrid MPC frameworks integrating reinforcement learning (RL) or whole-
body torque optimization have enhanced adaptability and stability in unpredictable environments [39]-[42].

While HZD offers formal guarantees of stability, it often relies on intricate virtual constraints and is
more sensitive to model uncertainties. Model predictive control (MPC), in contrast, offers more sophisticated
performance and provides greater adaptability and constraint management, but incur extensive computational
resources and rely on precise dynamic models, making real-time implementation challenging in the
unstructured environments typical of bipedal robots.

To overcome these limitations, this study proposes a novel, simple, and computationally efficient
control framework that combines PFL with PD control for underactuated 3D bipedal robots, enabling
dynamic decoupling and robust gait stabilization with reduced implementation complexity.

The key contributions of this research paper are summarized below

- Derivation of floating-base hybrid system model for under actuated 3D bipedal robots, capturing both
actuated and unactuated dynamics.

- Design of a novel nonlinear PFL controller, that selectively linearizes the actuated subsystem while
rigorously accounting for the dynamic coupling with its unactuated DoF, provably yields stable
dynamic walking.

- Comparative evaluation of the proposed PFL+PD framework against HZD and MPC approaches in
terms of stability, robustness, and real-time feasibility.

- Numerical validation demonstrates stable, periodic gait generation, confirming efficiency, and
robustness of proposed control approach.

The proposed approach provides a distinct alternative to the dominant model-based paradigms of ZMP, HZD,

and MPC.

The remainder of the work is organized in three principal sections. Section 2 was divided into three
main subsections: kinematics, dynamics, and control. Section 3 tilted “results and discussions” displays
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simulation outcomes. Finally, section 4 describes, summarizes the simulation results, and highlight the
perspective regarding future works.

2. METHOD
2.1. Robot Structure and configuration of parameterization space

A 3D biped robot is essentially a floating-based multi-rigid-body system whose bodies are coupled
in a kinematic tree structure. To describe the robot's floating base, let R, be a fixed world frame, and R, be a
coordinate frame with its origin rigidly fixed at the center of the waist, and with the x and z axis pointing
forward and upward, respectively.

To this end, the generalized floating-base coordinates, ¢ = [p,, ®5,q,] € Q. = R* X S0(3) X Q
R™© are used, where p, = [x,v,z] € R® and ®, = [¢, 8,9] € SO(3) represent the global position and the
orientation (e.g., Euler angles) of the body base frame R, relative to the world frame R,,.

The remaining coordinates that characterize the robot’s shape are given by local coordinates angles
q-€Q C R™ depicting revolute joints interconnecting rigid links of the robot as shown in Figure.l and with
the robot states denoted by & = (q7,¢T)T€eTQ.

This paper presents a 3D biped robot structure embodied in three kinematic chains: a torso and two
symmetric and identical legs. Each leg shown in Figure 1 can be modeled as a kinematic chain with two links
connected by four revolute joints, namely a 3 DoF hip, and 1 DoF knee. The upper body (torso), floating base
link, has six DoF (3 translational and 3 rotational) that are not actuated. Therefore, the preliminary kinematic
model possesses 14 DoF, as shown in Figure 1.

¢’rh

Zo
Ry: Reference
frame Yo

Figure 1. Model of biped robot and frames used to describe its configuration: a frame Ry, is attached to the
torso link, and the robot’s position and orientation are expressed relative to a fixed world frame R,

2.2. Generalized configuration
The generalized coordinates, given by Table 1, for 14-DoF biped robot can be chosen as (1).

q=1[%y2¢0,9 b0 O Vo Okt Prrs Onrs Urrs Okr]l = (Q1, Q20 -5 G1a) Q)

The studied model is only equipped with 08 actuators in the two legs. Each directly controls its corresponding
angles listed in Table 1. However, we assume that the translational torso and three other DoF are passives, that
is, Uy = u, = u, = 0 and uy, = ug = uy, = 0. As a result, the 14-DoF robot model, that we study, has only 08
actuators and hence, has 6 degrees of under actuation.

2.3. Robot parameters
Figure 2 illustrates different parameters used in kinematics and dynamics, including link lengths,

masses, center of masses, and inertias. The torso is characterized by its mass m,, center of mass ¢, from its
proximal end, length [, and moment of inertia I, about its center of mass. Each thigh link has mass m,,,
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center of mass at ¢, length [;;, and inertia about its center of mass is I,;,. Similarly, each shank link has mass
mg,, center of mass at cg,, length lg,, and inertia I ;. Finally, the distance between the two hip joints is
denoted by w.

Table 1. Coordinates definition for the proposed robot and joint actuations

Coordinate Description Actuator
q1 x Cartesian position -
q, y Cartesian position -
qs z Cartesian position -
qa Pelvis roll angle ¢ -
qs Pelvis pitch angle 6 -
qe Pelvis yaw angle -
q, Left leg ankle roll angle ¢, Uy
qs Left leg ankle pitch angle 6, u,
qo Left leg ankle yaw angle ¢y, Uz
G10 Left leg knee pitch angle 6, Uy
q11 Right leg ankle roll angle ¢, Ug

q12 Right leg ankle pitch angle 8, Ug
q13 Right leg ankle yaw angle ¥y, U,
' Right leg knee pitch angle 8, Ug

i _\!/.(X)(mnuim)
:tu‘a
' @
I\ /i;\G»(msh;ish) QD
Csh
v
Lsn o
-0

Figure 2. Humanoid model: mass, inertia about center of mass, center of masses, and length parameters

Generally, the coordinates of a robot end-effector transformation matrix relative to the global frame
can be determined using the Denavit-Hartenberg (D-H) method or other methods. In this paper, we apply the
angle/axis method based on the Zero reference configuration.

2.4. Dynamics
We use the floating base coordinates to derive the dynamics in both swing phase and impact event

(see [27], [43]).
2.4.1. Continuous dynamics

The continuous dynamics of the swing phase in the Euler-Lagrange formalism for the floating-base
system [44], [45], takes the form

H(q)4q+N(q,q) =T +J5(q)"F )
where

N(q,9) = C(q,9)q + G(q) 3)
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= Bu @)
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where n is the number of robot joints (n = 8 in our model), H(q) € RM™**(™+6) denotes symmetric inertial
matrix, N(q,q) € R®*® the non-linear terms consisting in Coriolis and Centrifugal and gravitational, u €
R™ stands for the actuated joint torques, B = [0gxp, Inxn]” € RM™TOX" s the actuator distribution matrix
Js(q) € RONX(+6) denotes a support Jacobian of the holonomic constraints, depending on the number of
supports N, and F;, € R®Vs is the external wrench containing the ground reaction forces (GRF) and moments
[46], (e.g., Ny = 2 for robots in double support phase, with no additional ground contact).

Remark: For point-feet bipedal robots, only external reaction forces are present with no torque components
introduced. Thus, we have F, € R3"s and J(g) € RBN)*@+6),

Consequently, the state-space representation of the dynamics in (2) can be rewritten as (5a).

%[g] = [Z-l(q)[—lv(q.q) +Js(q)TFs]] * [g-l(q)B] u (52)
a(é) B(&)

For later use in control design and simulation, the (5a) is expressed in the affine state-space control form as

§=a(@)+pu (5b)

where € == {(q7,¢T)7T| q € Q,¢ € R™}is the state of the system and u € R™ are the control inputs. Let
®.(q) denotes the position of stance foot. Since it is constrained to remain fixed on the ground, (i.e., it
neither slips nor rotates), throughout the walking cycle, its velocity must satisfy

_ d(ec(@) _ d(®c(@)dq _ .
=~ a ° ag a =Js(@)q=0 (©6)

Holonomic constraints are guaranteed via enforcing the second order derivative of ®.(q), v, to be zero:

v =Js(@)§+Js(q,4)4 =0 ™
— 06)(8
b= [sts] (8)

The constrained dynamics of the system are determined by simultaneously combining both (2) and (7) in a
compact form as:

H(q) _]s(CI)T] é1.14><1] _ [Bu - N(q,9) ©)
]s(q) 0 _]s(q: Q)q

Fs3><1

where F; is a vector of impulsive contact wrenches for stance foot, which can be determined by solving (5)
and (9) simultaneously as a function of the system state and control input.

2.4.2. Discrete event dynamics

When the swing leg end hits the ground, an impact event occurs and can be modeled as an inelastic
contact. Let defining the pre-impact states €~ = (¢, ¢~)" and post-impact states,é* = (q¥,¢"), then the
reset map can be obtained as in [47],

4q(q7)
*=4q,q)=|," _._] 10
$ (@47 4,074 (10)
The relabeling process can be obtained as (11),
44(a7) =Rq™ (11

where R stands for the relabeling matrix, and 4,(q~) represents the change in the robot configuration.
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2.4.3. Hybrid system
The hybrid model, illustrated in Figure 3, can be expressed in an affine nonlinear control form based
on its state space description

giff T e@BOu ses 1)

§t=4(¢) €S

where & = (q,q) € X = TQ, is the state of the system, whereas: a: TQ — R?™*® and :TQ — R2™+O)" gre
the drift smooth vector field and the input map, respectively. Defining the switching set S as (13),

S: :{g € RZ("+6):psZW =0,p%,(q7,¢7) < 0} (13)

where pZ, (q) denotes the vertical cartesian position of the swing point-foot.

Impact: E¥ = A(E7)

Continuous Swing

| é=a(®)+ B

Figure 3. Hybrid dynamics representation of biped robot

2.5. Controller design
Inspection allows us to determine which joints are to be controlled throughout each phase of the
gait. In our scenario, we specify 11 controllable rotational joints as:

0. = (¢' 0,9, dun, On, Winy Ouier iy Oy s Qrk)T

As an example, we select 8 DoF that can be controlled simultaneously: torso orientation, knee angles, and
swing hip angles as follows.

Ger = (@, 0,0, Pun, Oy Yuny Ok, Br1)” : for stance right leg,
Geq = (@, 0,9, rn, Orny Yrn, O, 614) T for stance left leg.

2.5.1. Controller analysis

To control the 3D model, we propose the PFL method, whose the main idea is to algebraically
transform the nonlinear system dynamics into a partially linearized closed-loop system dynamics, allowing
conventional linear methods to be applied. Recall that the constrained dynamics equation (9), given as

H@ @B, [TNED
]s(q) 0 lf;‘_, 03X8 _]s(q)q
E Y Be n
can be written in the compact affine form as

EY =B,u+n (14)
The extended inertia matrix E is invertible since it is composed of inertia positive definite matrix,
H(q), which is itself invertible, and the Jacobian J, that has full row rank. Consequently, pre-multiplying
(14) by E~1yields (15),

Y =EY(B,u+n) (15)

which explicitly expresses the generalized accelerations and constraint forces in terms of the control input u
and the system dynamics.
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a.  Controlled joints selection
Among the robot’s 14 DoF, 8 are selected as controlled variables, q., specifically the torso

orientation (¢, 8,1), the swing hip joints, and both knee angles (8, 6, ). This allows us to write:

qc; if leftstance

% {qc, if right stance (16)

Following the approach developed in [48], PFL is applied to isolate the actuated degrees of freedom g, from
the full configuration g, from which the controlled joint accelerations, §., can be determined as

G = w.[1] = wy a7

Here, the selection matrix W, € R®17 depends on which leg is in stance phase. Accordingly, it takes the
following forms for the right and left stance legs, respectively:

(18a)

S

1]

S

<

Il
cococoocococoo
cocoocoocococoo
cococoocococoo
cocoocococoor
cocoocococoro
cococoocor oo
cococorooco
cocoorocooco
cormrocoocoo
ocroocococoo
cococorooco
cocoocoococoococo
cococoocococoo
mRooocoocoo
cocoocoococoococo
cocoocoococoococo
cococoocococoo

W, =W, = (18b)

coococooc oo
cococoococococo
cocoocoocococoo
coococococor
cococoococor o
cocoocoocor oo
cococoocococoo
cococoococococo
cococoococococo
ocroococoococo
cocoocoorococo
cocoroocoo
corococoococo
Rrooococococo
cococoocococoo
cococoococococo
cococoococococo

Such a representation is essential for implementing PFL in the hybrid bipedal system and facilitates
subsequent control design and analysis. Recall that the objective of PFL is to linearize and stabilize the
dynamics associated with q. while leaving the unactuated subsystem evolving freely. Substituting (15) into
(17) yields a double-integrator dynamics for the actuated joints:

4c = VVCE_l(Beu +n)=u (19)

Here, u denotes the auxiliary control input which is enforced to follow a PD tracking law with feedforward
acceleration:

u= Kp(qg - qc) + Kd(qg - qc) + qg (20)

where K,, and K, are 8 X 8 diagonal positive definite gain matrices. The controller (20) ensures that the

actuated joints precisely track the desired trajectories gq&, thereby stabilizing the error dynamics.
Subsequently, the required motor torque u can be computed directly from the PFL formulation as follows

u=A"[G¢ + Ka(4¢ = 4c) + Ky (qd — qc) — WeE™ 0] 2
with

A=W.EB, (22)
is an invertible matrix that can be obtained in block form, using Schur complement, and (&, 4%, §2) specify
the desired reference positions, velocities, and accelerations for controlled joints. It is important to mention

that, in this work, the reference trajectories and their derivatives are represented by fifth-order polynomial

functions.
Following the same methodology, the unactuated subsystem dynamics, §,, can be obtained using

the selection matrix W, € R®*7, and after appropriately including the control input from (21), as (23).
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Gy = WY = W,E Y (B,u + 1) (23)
Reporting (21) into (23), yields

G = WE™ 1 + Bo(A7[d¢ + Ka(4¢ = 4+ Ky (aé — a0) = W.E ™))
Finally, we get

Gy = WoET B AT 68 + Ky (G — 4e)+ Kp(qd — qo)] + WuE™[I — B,AT'W.E™ ] (24)

The integration of (24) over the walking step allows obtaining the uncontrollable trajectory q,. This
formulation highlights how the unactuated DoF respond passively to control of the actuated joints, while the
actuated joints track the desired trajectories via PFL.
b. PD gain selection

To guarantee critical damping throughout all simulations, the gains matrices K, and K, in (20) are

selected as diagonal, i.e., K, = k,. Igxg and K = kg. Igxg, with scalar gains k, and k, satisfying kg = 2,/k,
In simulation, the values of K, = 100.lg.g and K; = 2,/K,, = 20.Igxg were chosen heuristically. The

gains are selected to be diagonal because PFL yields decoupled double-integrator dynamics, for which
diagonal PD gains are standard.

2.5.2. Physical parameters of the robot

To verify the effectiveness of the proposed control approach, a simulation analysis of biped walking
gaits for the 3D biped robot, is carried out in MATLAB. In the simulation, the robot starts from the fixed
point on the guard, based on optimization, and is controlled by the feedback linearization controller, where
all robot's physical parameters are listed in Table 2.

Table 2. Physical parameters of the robot

Unit Torso Thigh Shin Hip Width
Mass kg 70 10 5.0 -
Length m 1.0 0.5 0.5 0.1
Inertia [Iy, Iy, I,] Kgm? [5,3,2] [1,0.3,2] [0.5,0.15,1.0] -
Mass Center m 0.062 0.086 0.055 —

3.  RESULTS AND DISCUSSION

The stick animation over four walking steps of the bipedal robot, under study within sagittal plane,
is shown in Figure 4. Therefore, the generated periodic patterns demonstrate consistent walking gaits that
maintain dynamic equilibrium through the locomotion cycle. As illustrated in Figure 5, the time evolution of
the body’s Cartesian position is shown in Figure 5(a), while Figure 5(b) depicts the corresponding linear
velocity of the body expressed in the world frame.

For the body frame position, it was shown that at the beginning of the step, the z component is
approximately 1m, which meets to standing posture, where z = I, + lg;, = 1, and maintains an average
height of approximately 0.9 m with periodic variations of +0.05 m. As the robot moves forward, the x
component linearly increases from 0 to 3m, which demonstrates consistent forward progression, while y
remains nearly zero, resulting in straight-line motion. Moreover, the bounded periodic lateral oscillations
match to the natural side-to-side weight shifting during bipedal locomotion and confirms the efficiency of the
3D control strategy in maintaining straight-line walking.

Based on Figure 5, the average velocity of the body frame in the x-direction (forward motion) is
approximately 1 ?, with a maximum velocity not exceeding 1.5 ? The vertical velocity (z-direction) exhibits

an oscillatory pattern with an amplitude of 0.5 % In the y-direction, the velocity reflects the sideways motion

associated with the alternating of support leg during walking.

On the other hand, Figure 6 displays the actual angular positions of the body frame and the
corresponding reference trajectories, demonstrating accurate tracking performance. Figures 6(a), 6(b), and
6(c), present the roll, pitch, and yaw angles, respectively. The controlled gait trajectories are generated using
fifth-order polynomial functions. The body (torso) angle measurements reveal minimal deviations-
approximately 107 rad for roll angle and 107 rad for pitch angle, indicating that the torso is effectively
maintained in an upright throughout the gait cycle.
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Figure 4. Simulation results for (a) the stick animation of the biped in sagittal plane over four steps of
walking and (b) the final posture of walking gait.
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Figure 5. The (a) Cartesian position and (b) linear velocity of the body frame with respect to the world frame
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Figure 6. Euler angles of the body frame and their desired trajectories (a) actual roll angle, (b) pitch angle,
and (c) yaw angle, along with their corresponding references

Figure 7 presents the simulation results for angular velocities of the body frame. The pitch (6) and roll
(¢) angular velocities, shown in Figure 7(a), remain close to zero throughout the gait cycle, indicating minimal
torso motion in the sagittal and lateral planes, whereas the yaw angular velocity of the torso, 1), reaches peak
values of approximately +1 rad/s, as illustrated in Figure 7(b). This contrast highlights that the torso maintains
stability in the sagittal and lateral directions while allowing controlled rotation in yaw during walking.

Regarding the angular positions and velocities for both left and right legs, Figure 8 and Figure 9
illustrate the corresponding curves, respectively. The knee angles, (8, 6, ), shown in Figure 8(a) and 9(a)
remain consistently negatives, ranging from -1 to 0 rad. This indicates that during natural walking, the knees
stay slightly bent to ensure stability and energy efficiency.
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In contrast, the pitch hip angles, (6, 6,1), alternate between positive values, corresponding to hip
flexion, and negative values, indicating hip extension. This produces an oscillatory motion of the hip joints,
as observed in Figures 8(a) and 9(a). The evolution of the angular velocities is presented in Figures 8(b) and
9(b). Analyzing the right and left gaits enables a kinematic comparison of limb coordination and alternating
behavior throughout the motion.
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Figure 7. Angular velocity (a) ¢,  and (b) 1), of the body frame
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Figure 9. The (a) joint angle positions and (b) velocities of right leg

Ground reaction forces (GRF) are the forces exerted by the ground on the robot’s point feet. These
forces are essential to understand the robot-ground interaction and crucial for maintaining balance and
stability. As shown on Figure 10, it can be observed that that the GRFs exhibit patterns in both the vertical (z)
and horizontal (x, y) directions that closely resemble those observed in human walking. The vertical
component F, in left and right stance foot, displays two peaks at heel strike (impact absorption) and at take-
off (propulsion), where the maximum load is reached around mid-stance, when the stance leg fully supports
the robot’s body weight. The peak force attains approximately 1000N , which is consistent with balancing
the robot’s weight (about 100 kg) during load transfer.

The fact that the normal force F, is positive proves that the robot does not take off from the ground.
Moreover, the friction values are comprised between 0.6 and 0.1, as displayed in Figures 11. The no-slip

condition is guaranteed when the computed friction ratio, u = | (sz + Fyz) / F,|, remains strictly below the

maximum ground friction coefficient u* (e.g., u#* = 0.6 for a rubber surface) throughout the entire walking
cycle.
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a. Motor torque profiles

Figure 12 illustrates the motor torque profiles for both left, as shown in Figure 12(a), and right
stance legs, as shown in Figure 12(b), where the alternating and symmetric nature of walking gaits are
witnessed. Another feature of torque curves concerns the swing versus stance phase coordination. That is,
when leg torques peak, the other leg torques vanish. The torque values are around +100 + 300Nm. These
are relatively high at lifting and propelling the leg, which necessitate introducing energy efficiency design
and analysis.
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Figure 12. Gait animation and corresponding evolution of motor torques over four consecutive walking steps
for (a) the left and (b) the right stance leg

3.1. Quantitative performance evaluation

The root mean squared error (RMSE) defined in (25), is widely used metric to quantitatively
evaluate the performance of the PFL controller. Lower values of RMSE indicate better performance, since
they reflect smaller and more consistent deviations from the reference trajectory over time.

RMSE = |20 = yuer)?

where N,y and y,.¢ are the number of samples of each trajectory, vectors of actual controlled coordinates,
and the corresponding desired trajectories, respectively. The RMSE based performance results are summarized
in Table 3, in which the errors are extremely small, on the order of 1073 confirming the effectiveness of the
PFL approach in achieving precise motion tracking across all actuated joints. This high level of accuracy is

(25)
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expected, because the present paper focuses on the ideal model (without considering model uncertainties,
disturbances, and motor dynamics). These aspects considerations will be addressed in future study, where
robust control strategies with or without PFL will be investigated, as outlined in conclusion.

Table 3. RMSE for actuated joint trajectories

Joint angle % 0 Y Phip Onip Yhip O Ork
RMSE (x10715) 0.02073 0.03906 0.56614 0.36559 2.36491 0.08880 2.12378 425841

4. CONCLUSION

This paper introduces a comprehensive framework for modeling, analysis, and control of a 3D
under-actuated bipedal robot with a floating base. It develops a full-order nonlinear model that captures
hybrid dynamics, under-actuation, and floating base configuration. To tackle the inherent control
complexities of such systems, the paper proposes a Partial Feedback Linearization (PLF) approach that
effectively achieves stable and efficient 3D dynamic walking while accounting for interactions with the
unactuated components. The designed controller, when paired with PD tracking laws, guarantees reliable,
stable, and precise trajectory tracking over hybrid walking phases. The control strategy is versatile, making it
suitable for a wide range of 3D robotic systems including quadrupeds, hexapods, exoskeletons, and aerial
platforms while efficiently handling high-dimensional state spaces.

Compared to HZD methods, the proposed PFL approach achieves similar stability without relying
on complex virtual constraints. Unlike model predictive control (MPC), it avoids intensive online
optimization while still delivering accurate trajectory tracking. This balance between computational
efficiency and robust control makes the PFL strategy a promising solution for bipedal locomotion.

Simulation results successfully demonstrate the effectiveness of the PFL approach in achieving
target trajectories, while ensuring balance and stability, all while adhering to physical constraints such as
ground reaction forces and joint torque limits, even under nonlinear conditions and moderate uncertainties.

Future work will focus on physical experiments, integration of online trajectory optimization and
disturbance rejection, learning-based adaptation for unstructured terrains, and formal safety guarantees
through Lyapunov-based control and Control Barrier Functions solved via quadratic programming.
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