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 This paper presents the modeling and simulation of an active quarter-car 

suspension system (AQCSS) designed to enhance operational performance 

and ride comfort across various road conditions. First, a dynamic quarter-car 

model was developed, incorporating all the components of AQCSS and 

road-induced stimuli, based on the Euler–Lagrange method. Subsequently, a 

synergetic controller is designed by selecting a manifold that meets the 

system’s technical requirements. The proposed controller ensures a balance 

between ride comfort and road-holding performance by leveraging this 

manifold design. This control framework enables flexible adjustment of the 

damping force in real time according to the system states and external 

excitations. The stability of the closed-loop system is rigorously established 

through Lyapunov analysis. Numerical simulations are carried out in 

MATLAB to assess the proposed control law by benchmarking it against a 

passive suspension configuration and a sliding mode control approach, 

thereby demonstrating its effectiveness. 
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1. INTRODUCTION 

With the rapid advancement of automotive technology, modern vehicle suspension systems have 

gained increasing attention as a means to enhance ride comfort and vehicle handling performance. Among 

various subsystems, the suspension system plays a crucial role in ensuring smooth ride quality, road-holding 

capability, and overall vehicle stability. This system has attracted significant research interest, as presented in 

studies [1]–[27], due to its ability to adapt dynamic characteristics in real time through the use of advanced 

sensors and microprocessors for signal acquisition and processing. Such capability allows the suspension 

system to adjust its behavior according to different road conditions, thereby considerably improving vehicle 

performance. In general, the performance requirements for active vehicle suspension systems, as discussed in 

studies [1]–[4], include: i) Ride comfort – isolating the vehicle body from shocks and vibrations induced by 

road irregularities to ensure passenger comfort; ii) Road holding-eliminating wheel hop to maintain 

continuous tire-road contact; and iii) Suspension travel limitation constrained by the mechanical structure. 

However, as reported in [3], it is not feasible to simultaneously satisfy all three performance criteria at their 

optimal levels, since these objectives tend to be mutually conflicting. To meet these requirements, both 

passive and active suspension systems have been developed. While passive suspension systems rely solely on 

springs and dampers with fixed parameters, resulting in limited vibration isolation performance, active 
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suspension systems can generate controllable forces that allow dynamic adjustment of suspension 

characteristics to better adapt to varying operating conditions. 

Nowadays, autonomous mobile robots are rapidly advancing and being deployed across various 

domains such as military and industrial applications Platforms like autonomous mobile robots (AMRs), 

unmanned ground vehicles (UGVs), and remote-sensing robots are typically required to navigate 

unstructured environments, where challenging terrains, uneven ground, and strong dynamic excitations are 

common. Consequently, vibrations induced by rough terrain severely affect motion stability, sensor accuracy, 

actuator lifespan, and payload safety. Therefore, integrating an active suspension system into mobile robotic 

platforms has become an essential requirement to enhance structural durability, environmental perception 

capability, and overall system performance [5], [6]. 

Numerous studies have proposed and applied various control strategies for active suspension 

systems. For instance, PID control, as presented by Ram et al. [4], achieved satisfactory performance but was 

limited to small operating ranges and was significantly influenced by nonlinear components. In research [7], 

[8], a linear quadratic regulator (LQR)-based adaptive control was developed; however, its performance 

remained limited due to the use of a linear controller. Neural network–based control strategies, presented in 

[9], [11], demonstrated good system performance under model uncertainties, but they suffered from long 

response times and were difficult to implement in embedded systems. Adaptive control based on 

backstepping, as proposed by Chen et al. [12], yielded impressive results but was constrained by the physical 

limits of the system. Various sliding mode control (SMC) schemes and their modifications have been 

reported in [13]–[16], [25], producing favorable results, although the system responses at equilibrium still 

exhibited oscillations. Robust control approaches were developed in [17]–[19]; however, improvements in 

control quality and response time are still required. Additionally, fuzzy logic–based control laws have shown 

promising outcomes in [20], [21], yet the system response time remains relatively long. Adaptive control 

combined with reinforcement learning, proposed by Kimball et al. [22], demonstrated good performance but 

faced challenges in satisfying the physical constraints of the system. Machine learning–based approaches can 

alleviate these limitations by exploiting measured feedback signals to refine either the plant model or the 

control policy itself, as reported in [22]. In particular, study [22] compared several learning-driven control 

strategies for this system, including adaptive schemes, stability-oriented online learning, and reinforcement 

learning methods that seek performance improvement through repeated interaction with the system. 

Furthermore, several works have investigated Lyapunov-based control laws that explicitly account for 

physical constraints [23], [25]. From a nonlinear control perspective, most existing studies rely on designing 

a suitable Lyapunov candidate function to ensure closed-loop stability. Traditional controllers based on 

quadratic Lyapunov functions have proven effective in many scenarios; however, they encounter limitations 

when applied to systems with strict state constraints. To address this issue, a barrier Lyapunov function 

(BLF)-based approach has been developed for constrained nonlinear control problems, as presented in [24]. 

The key feature of this method is the use of a candidate Lyapunov function that approaches infinity as the 

system state nears the constraint boundary, thereby ensuring that the constraints are never violated. The BLF-

based approach enables the design of more stable and robust control laws, even when the initial system states 

are close to the constraint boundaries. Although the aforementioned studies have successfully reduced system 

oscillations, most have not explicitly incorporated the physical constraints among the system state variables. 

Another widely adopted approach for controlling complex mechatronic systems is the application of 

synergetic control theory, as presented in the literature [28]–[30]. The core concept involves designing a 

control framework capable of “integrating” multiple sub controllers, each responsible for a specific objective 

within the closed-loop system, based on the dynamics of individual control loops [28], [29]. In synergistic 

control theory, desired values are expressed as invariants that can be constructed based on the physical nature 

of the system, not just on mathematical models; this is an advantage over other control methods. Several 

studies have proposed synergetic controllers for active suspension systems and reported promising results. 

For instance, in study [30], a synergetic controller was developed based on a particular manifold while 

accounting for the physical constraints of the system. However, an in-depth analysis of the overall system 

stability under this control law has not yet been conducted. 

This paper focuses on the modeling and simulation of an active quarter-car suspension system 

(AQCSS) employing a synergetic control strategy. The system dynamics are derived via the Euler–Lagrange 

formulation, which explicitly accounts for the coupling among the mechanical elements as well as road-

induced disturbances. The synergetic controller proposed in this study is designed based on the selection of a 

novel manifold capable of satisfying the system’s technical requirements. This approach offers the advantage 

of integrating technical requirements into the control law, thereby significantly enhancing the stability of the 

active suspension system under various operating conditions. The system stability under the proposed control 

law is rigorously proven using Lyapunov’s method, and MATLAB simulation results demonstrate that the 

proposed controller significantly outperforms traditional passive suspension systems. The remainder of the 

paper is organized as follows: Section 2 presents the modeling methodology for the constrained active 
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suspension system; Section 3 details the synthesis of the constrained synergetic controller, stability analysis 

under external disturbances, and the design of an SMC controller; Section 4 provides simulation scenarios to 

validate the effectiveness of the proposed control law; and Section 5 concludes the paper. 

 

 

2. DYNAMIC MODELING 

In this study, the AQCSS is illustrated in Figure 1, which is widely adopted in research [1]–[7]. The 

model considers two masses: The sprung mass 𝑚𝑠 = 𝑚 + 𝛿𝑚𝑠
, representing the vehicle body mass (m) 

together with the passengers and payload (𝛿𝑚𝑠
) and the unsprung mass mᵤ associated with the wheel-axle 

assembly. The suspension system consists of a spring–damper unit defined by the parameters k1s, k2s, c1s, and 

c2s. Here, k1s and k2s denote the linear and cubic stiffness coefficients, while c1s and c2s denote the linear and 

cubic damping coefficients, respectively, which together describe the nonlinear characteristics of the 

suspension system. The tire is modeled with stiffness kt and damping ct; nevertheless, in numerous studies 

[1], [2], it is commonly simplified as a purely linear elastic element represented only by the stiffness 

parameter kt. The control variable u represents the force generated by the active suspension actuator, acting 

on the sprung mass, while an equal and opposite reaction force -u acts on the unsprung mass. The system 

states are represented by the vertical displacements of the sprung mass zs, the unsprung mass zu, and the road 

excitation zr. 
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Figure 1. Model of an AQCSS 

 

 

In practical systems, either electric motor actuators or hydraulic actuators are commonly employed 

to generate the control force 𝑢, which acts simultaneously on both the sprung mass (𝑚𝑠) and the unsprung 

mass (𝑚𝑢) [31], [32]. The displacements of the sprung and unsprung masses are typically measured using 

commercial linear variable differential transformers, linear potentiometers, optical encoders, ultrasonic 

sensors, or laser-based sensors in laboratory-scale platforms. The velocities of these masses are obtained 

either from direct velocity sensors, accelerometers, or indirectly estimated from the measured displacement 

signals described above [31]–[33].  

The total kinetic energy of the quarter-car model is obtained by summing the contributions of the 

sprung and unsprung masses, and is written as (1). 

 

𝑇 =
1

2
𝑚𝑠𝑧̇𝑠

2 +
1

2
𝑚𝑢𝑧̇𝑢

2  (1) 

 

For modeling convenience, the tire is assumed to maintain continuous contact with the road. Consequently, 

the potential energy formulation accounts for the elastic deformation of the spring, including the cubic 

nonlinear stiffness effect that occurs during compression, and is expressed as (2). 
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𝑉 =
1

2
𝑘1𝑠(𝑧𝑠 − 𝑧𝑢)

2 +
1

4
𝑘2𝑠(𝑧𝑠 − 𝑧𝑢)

4 +
1

2
𝑘𝑡(𝑧𝑢 − 𝑧𝑟)

2  (2) 

 

The system Lagrangian is defined as 𝐿 = 𝑇 − 𝑉, where 𝑇 and 𝑉 represent the kinetic and potential 

energies, respectively. The damping-related energy loss is modeled using the Rayleigh dissipation function:  

 

𝐷 =
1

2
𝑐1𝑠(𝑧̇𝑠 − 𝑧̇𝑢)

2 +
1

4
𝑐2𝑠(𝑧̇𝑠 − 𝑧̇𝑢)

4 +
1

2
𝑐𝑡(𝑧̇𝑢 − 𝑧̇𝑟)

2  (3) 

 

For each generalized coordinate 𝑞 = [𝑧𝑠, 𝑧𝑢]
𝑇, the Euler–Lagrange equation with a dissipation term 𝐷 and 

external forces is given by (4): 

 
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑞̇𝑖
) −

𝜕𝐿

𝜕𝑞𝑖
+

𝜕𝐷

𝜕𝑞̇𝑖
= 𝑄𝑖   (4) 

 

Here, Qi represents the generalized external forces, including the control input u in the present formulation. 

After substituting 𝑧𝑠 and 𝑧𝑢, the governing equations of the active quarter-car suspension are obtained 

in the form of the differential equations of (5), 

 

{
𝑚𝑠𝑧̈𝑠 + 𝐹𝑑 + 𝐹𝑠 = 𝑢

𝑚𝑢𝑧̈𝑢 − 𝐹𝑑 − 𝐹𝑠 + 𝑘𝑡(𝑧𝑢 − 𝑧𝑟) + 𝑐𝑡(𝑧̇𝑢 − 𝑧̇𝑟) = −𝑢
 (5) 

 

where 

 

𝐹𝑠 = 𝑘1𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑘2𝑠(𝑧𝑠 − 𝑧𝑢)
3;  𝐹𝑑 = 𝑐1𝑠(𝑧̇𝑠 − 𝑧̇𝑢) + 𝑐2𝑠(𝑧̇𝑠 − 𝑧̇𝑢)

2;  (6) 

 

In the AQCSS, the vertical road profile 𝑧𝑟 is practically difficult to measure, and designing a reliable observer 

for such an unmeasurable disturbance is inherently challenging. Consequently, during the synthesis of the 

control law, the term involving this variable is regarded as an external disturbance. Let the state variables be 

defined as: 𝑥1 = 𝑧𝑠, 𝑥2 = 𝑧̇𝑠, 𝑥3 = 𝑧𝑢 , 𝑥4 = 𝑧̇𝑢. Then, the system (5) can be represented in state-space form  

as (7), 

 

{
 
 

 
 
𝑥̇1 = 𝑥2

𝑥̇2 = (𝑚 + 𝛿𝑚𝑠
)
−1
(−𝐹𝑑 − 𝐹𝑠 + 𝑢)

𝑥̇3 = 𝑥4
𝑥̇4 = 𝑚𝑢

−1(𝐹𝑑 + 𝐹𝑠 − 𝑘𝑡𝑥3 − 𝑐𝑡𝑥4 − 𝑢 + 𝑑(𝑡))

  (7) 

 

where 𝑑(𝑡) = 𝑘𝑡𝑧𝑟 + 𝑐𝑡𝑧̇𝑟. 
The goal of this study is to synthesize a control law u in the system (7) based on manifold composite 

control theory that ensures the AQCSS meets the following requirements:   

− The main control objective is that the controller must stabilize the vertical motion of the sprung mass 𝑚𝑠 

within the mechanical limits of the system when there is a change in the system parameters and the 

impact of various types of road surface disturbances: 

 

𝑙𝑖𝑚
𝑡→∞

(𝑧𝑠(𝑡)) → 0  (8) 

 

− Define the relative suspension deviation (RSD) as the suspension deflection normalized by the maximum 

vibration-space limit zmax. This quantity must satisfy 𝑅𝑆𝐷 < 1, which can be expressed as (9):  

 

𝑅𝑆𝐷 =
𝑧𝑠−𝑧𝑢

𝑧𝑚𝑎𝑥
< 1  (9) 

 

− Continuous tire–road contact must be maintained while avoiding excessive tire loads. Accordingly, the 

relative tire force (RTF), defined as the tire dynamic load normalized by the static load, should satisfy 

𝑅𝑇𝐹 < 1: 

 

𝑅𝑇𝐹 =
𝑘𝑡(𝑧𝑢−𝑧𝑟)+𝑐𝑡(𝑧̇𝑢−𝑧̇𝑟)

(𝑚𝑠+𝑚𝑢)𝑔
< 1  (10) 

 

 



                ISSN: 2722-2586 

IAES Int J Rob & Autom, Vol. 15, No. 1, March 2026: 210-221 

214 

3. SYNTHESIS OF CONTROL LAWS FOR AN ACTIVE QUARTER-CAR SUSPENSION 

SYSTEM  

3.1.  Synergetic control law design 

In synergetic control theory, the set of control objectives or performance criteria is defined in the 

form of a system of invariants. For electromechanical systems, studies [28], [29] distinguished three main 

types of invariants: technological, electromagnetic, and energy invariants. The technological invariant defines 

the target static or dynamic condition of the system associated with a given technological task to achieve 

mechanical motion. The electromagnetic invariant is selected to ensure the stable operation of electrical and 

magnetic variables within the actuator. Finally, the energy invariant expresses the relationships between 

system variables that reflect optimal energy conversion conditions, particularly those minimizing energy 

losses during operation. 

The choice of invariants is essential for control system synthesis and is based on the technological 

requirements and the number of physical control inputs. For an active quarter-car suspension system, these 

control channels correspond to the vertical displacement amplitudes of the two mass centers, mₛ and mᵤ. For 

this system, the invariant manifold must accurately reflect the requirements imposed on the control law and 

must exclude any state variables that are not directly measurable. Based on the above analysis, together with 

the control requirements for the system presented in section 2, and relying on the invariant manifold–based 

synergetic control theory, one can select the form for system as in (7). 

 

𝜓 = 𝑥2 + 𝑘1 (𝑥1 +
𝑘2

2
𝑙𝑛 (

𝑍𝑚𝑎𝑥+𝑥1−𝑥3

𝑍𝑚𝑎𝑥−(𝑥1−𝑥3)
)) (11) 

 

where k1, k2 > 0 are positive constants. 

When the system operates on the manifold defined by (11), i.e., when ψ=0, it follows that:  

 

𝑥2 + 𝑘1 (𝑥1 +
𝑘2
2
𝑙𝑛 (

𝑍𝑚𝑎𝑥 + 𝑥1 − 𝑥3
𝑍𝑚𝑎𝑥 − (𝑥1 − 𝑥3)

)) = 0 ⇒
1

2
𝑙𝑛 (

𝑍𝑚𝑎𝑥 + 𝑥1 − 𝑥3
𝑍𝑚𝑎𝑥 − (𝑥1 − 𝑥3)

=
−𝑥2 − 𝑘1𝑥1

𝑘1𝑘2
) 

 

Accordingly, by applying the inverse of the tanh function, we obtain (12). 

 

𝑥1 − 𝑥3 = 𝑧𝑚𝑎𝑥 𝑡𝑎𝑛ℎ (
𝑥2+𝑥1𝑘1

𝑘1𝑘2
)  (12) 

 

Since the hyperbolic tangent function is bounded, from the RSD requirement (9) it can be inferred that the 

damping travel is limited by the maximum allowable value 𝑧𝑚𝑎𝑥 . Assuming 𝑘2 is a small positive constant 

and as the system evolves on manifold ψ=0, we obtain (13). 

 

𝑥2 ≈ −𝑘1𝑥1 (13) 

 

From (13), combined with the first equation of the system (7), we get a first-order differential equation in 𝑥1. 

It is easy to prove that with k1>0, 𝑥1→0 when t→∞ satisfies condition (8). Since this equation is 

autonomous, according to (12), we can conclude that when condition (9) is satisfied, the displacement of the 

suspended mass ms becomes negligible regardless of the change in the road surface. 

Following the analytical design of aggregated regulators methodology for controller synthesis, the 

invariant manifold (9) satisfies the differential constraint: 

 

1 0T + =    (14) 

 

where T1>0 is a design time constant that governs the convergence speed of the system trajectories toward 

the manifold ψ=0. Based on the solution of (12) and taking into account the plant model (7), and under the 

assumption that 𝛿𝑚𝑠 = 0, the synergetic control law can be derived as (15). 

 

𝑥̇2 + 𝑘1 (𝑥̇1 + 𝑘2
𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2 + 𝑇1𝜓 = 0)  (15) 

 

Substituting into the second equation of system (7), we obtain (16). 

 

𝑚−1(−𝐹𝑑 − 𝐹𝑠 + 𝑢) + 𝑘1 (𝑥̇1 + 𝑘2
𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2 + 𝑇1𝜓 = 0)   (16) 
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Hence, 

 

𝑢 = 𝐹𝑑 + 𝐹𝑠 −𝑚𝑘1 (𝑥2 + 𝑘2
𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2 −𝑚𝑇1𝜓)   (17) 

+𝑆𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝐴𝑛𝑎𝑙𝑦𝑠𝑖𝑠  

 

We begin by assessing the stability of the sprung mass dynamics ms governed by control law (17) 

and the first two equations in (7). A Lyapunov candidate is then introduced to ensure that the trajectories 

converge to the manifold ψ=0. 

 

𝑉𝑠 = 0.5𝜓
2   (18) 

 

Taking the time derivative, these yields (19). 

 

𝑉̇𝑠 = 𝜓(𝑥̇2 + 𝑘1 (𝑥2 + 𝑘2
𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2))  (19) 

 

Substituting (17) and (7) into (19), we obtain (20). 

 

𝑉̇𝑠 = 𝜓(
1

𝑚𝑠
(−𝑚𝑘1 (𝑥2 + 𝑘2

𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2) −𝑚𝑇1𝜓) + 𝑘1 (𝑥2 + 𝑘2
𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2))  (20) 

 

Hence, 

 

𝑉̇𝑠 =
𝑘1𝛿𝑚𝑠

𝑚𝑠
(𝑥2 + 𝑘2

𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2)𝜓 −
𝑚

𝑚𝑠
𝑇1𝜓

2 (21) 

 

When there is no variation in the mass 𝛿𝑚𝑠
= 0, we obtain 𝑉̇ = −𝑇1𝜓

2 ≤ 0, and thus the system is globally 

asymptotically stable. When 𝛿𝑚𝑠
≠ 0, applying the Young’s inequality, we have (22). 

 

𝑉̇𝑠 ≤ −
2𝑚𝑇1−𝑘1𝛿𝑚𝑠

2𝑚𝑠
𝜓2 +

𝑘1𝛿𝑚𝑠

2𝑚𝑠
(𝑥2 + 𝑘2𝑧𝑚𝑎𝑥

(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2)
2

  (22) 

 

It is easy to observe that, under 𝛿𝑚𝑠
< 2𝑚𝑇1/𝑘1, a sufficient condition to ensure 𝑉̇𝑠 ≤ 𝛥𝑠 is given by (23). 

 

(𝑥2 + 𝑘2𝑧𝑚𝑎𝑥
(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2)
2

≤ 𝛥𝑠
2𝑚𝑠

𝑘1𝛿𝑚𝑠
   (23) 

 

This implies that when x is sufficiently far from the origin with a positive 𝛥𝑠, we obtain 𝑉̇𝑠 ≤ 0. Consequently, 

the sprung-mass subsystem ms is stabilized in a neighborhood of the equilibrium point, namely within a ball 

of radius 𝛥𝑠 centered at the origin. 

The second step is to establish the stability of system (7). To ensure all the necessary asymptotically 

stable states of the system, the Lyapunov function is constructed based on the Vs function in the first step, and 

adds the positive definite component of x4. 

 

𝑉 = 𝑉𝑠 + 0.5𝑥4
2   (24) 

 

Taking the time derivative, these yields (25). 

 

𝑉̇ = 𝜓 (𝑥̇2 + 𝑘1 (𝑥2 + 𝑘2
𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2)) + 𝑥4𝑥̇4   (25) 

 

Substituting (7) and (13) into (20), we obtain (26). 

 

𝑉̇ = 𝑉̇𝑠 +
1

𝑚𝑢
𝑥4 (−𝑘𝑡𝑥3 − 𝑐𝑡𝑥4 +𝑚𝑘1 (𝑥2 + 𝑘2

𝑧𝑚𝑎𝑥(𝑥2−𝑥4)

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2) + 𝑚𝑇1𝜓 + 𝑑(𝑡))    (26) 

 

By simplification, we obtain (27). 
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𝑉̇ = 𝑉̇𝑠 − (
𝑐𝑡

𝑚𝑢
+

𝑚𝑘1𝑘2

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2) 𝑥4
2 +

−𝑘𝑡𝑥3+𝑚𝑘1(𝑥2+𝑘2
𝑧𝑚𝑎𝑥𝑥2

𝑧𝑚𝑎𝑥
2 −(𝑥1−𝑥3)

2)+𝑑(𝑡)

𝑚𝑢
𝑥4  (27) 

 

Based on the analysis in the first step, the suspended mass system ms is asymptotically stable, i.e., 

x1→0 and x2→0. As a result, equation (27) can be recast into the form of (28). 
 

𝑉̇ = 𝑉̇𝑠 − (
𝑐𝑡

𝑚𝑢
+

𝑚𝑘1𝑘2

𝑧𝑚𝑎𝑥
2 −𝑥3

2) 𝑥4
2 +

−𝑘𝑡𝑥3+𝑑(𝑡)

𝑚𝑢
𝑥4   (28) 

 

By applying the Young’s inequality, we obtain (29). 
 

𝑉̇ = 𝑉̇𝑠 − (
𝑐𝑡

𝑚𝑢
+

𝑚𝑘1𝑘2

𝑧𝑚𝑎𝑥
2 −𝑥3

2 −
1

𝑚𝑢
) 𝑥4

2 +
1

𝑚𝑢
(−𝑘𝑡𝑥3 + 𝑑(𝑡))

2   (29) 

 

Under the practical condition that the road surface irregularities are bounded, x3 is constrained according to (9) 

when the invariant manifold (8) is satisfied, i.e., (−𝑘𝑡𝑥3 + 𝑑(𝑡))
2 < 𝛥. To ensure 𝑉̇ ≤ 0, this implies that  

 

(−𝑘𝑡𝑥3 + 𝑑(𝑡))
2 ≤ −(𝑐𝑡 − 1 +

𝑚𝑢𝑚𝑘1𝑘2

𝑧𝑚𝑎𝑥
2 −𝑥3

2 ) 𝑥4
2  (30) 

 

It is straightforward to observe that when 𝑥4 is sufficiently far from the origin, condition (30) holds. 

This implies that system (7) under control law (17) will move toward a neighborhood of the origin when it is 

outside the region Δ. Once the trajectories enter Δ, the system will remain within this region and all state 

variables will converge to zero. Moreover, with a sufficiently small Δ, the steady-state tracking errors still 

satisfy the required performance specifications and control objectives. In order to provide an additional 

comparison and assess the proposed control law (17), we design a SMC for system (7).  

  

3.2.  Sliding mode control law design 

The design of the SMC controller for suspension systems has been presented in various studies [25]. 

Sliding-mode control is a robust nonlinear control approach capable of maintaining stable control 

performance even in the presence of disturbances and parameter uncertainties. The main idea of SMC is to 

construct a sliding surface such that, once the system trajectories reach and remain on this surface, the system 

exhibits the desired dynamics and stability is guaranteed. The SMC design method used in this section 

follows the approach reported in [25]. The control objective of the active suspension system is to ensure that 

the actual suspension deflection y=x1-x3 quickly and accurately tracks its desired reference yd. Based on the 

system equations in (7) and following the above-mentioned study, the output tracking error of the system is 

defined as: 
  

𝑒 = 𝑦𝑑 − 𝑥1 + 𝑥3 (31) 

 

The controller sliding surface s is defined as: 
 

𝑠 = 𝑒̈ + 𝑐2𝑒̇ + 𝑐1𝑒  (32) 

 

where c1>0 and c2>0 are positive constants ensuring asymptotic stability on the sliding surface. 

The sliding-mode control input is composed of two parts: the equivalent term 𝑢𝑒𝑞  and the switching 

term 𝑢𝑠𝑤. The equivalent control compensates the nominal dynamics so that the motion remains on the 

sliding manifold; it is obtained by enforcing 𝑠̇ = 0. In contrast, the switching control drives the trajectories 

toward the manifold, ensuring the reaching condition. Accordingly, the SMC law is given by (33): 
 

𝑢 = 𝑢𝑒𝑞 + 𝑢𝑠𝑤   (33) 

 

The components of the control law in (33) are given by (34):  
 

𝑢𝑒𝑞 = −
1

𝛽
(𝑦𝑑 + 𝑐2𝑦̈𝑑 + 𝑐1𝑦̇𝑑 + 𝛼1𝑥1 + 𝛼2𝑥2 + 𝛼3𝑥3 + 𝛼4𝑥4 + 𝛼5𝑥5) 

𝑢𝑠𝑤 = −
1

𝛽
𝐾 𝑠𝑔𝑛( 𝑠)   (34) 

 

In this formulation, the variable 𝑥5 is introduced to represent the state of the actuator, and the parameters 

𝛼𝑖  (𝑖 = 1…5) are also determined according to the expressions provided in the same study [25].  
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4. NUMERICAL SIMULATION RESULTS AND DISCUSSION  

To validate the proposed control strategy, we compare three cases in simulation: the passive 

suspension system (PSS), sliding mode control (SMC), and synergetic control (𝑆𝑦𝑛. 𝐶). The quarter-car 

model parameters used in the simulations are given in Table 1 [3]. Controller parameters are tuned following 

the stability conditions derived earlier. All proposed controller parameters T1, k1, and k2 are positive 

constants. According to the analysis of (11) and (14), k2 is a small positive constant and is therefore chosen as 

k2=0.005. The parameter k1=30 mainly affects the settling time of the system, and it is selected to ensure fast 

stability in accordance with (11). Similarly, T1=10 is chosen to guarantee an appropriate settling time for the 

overall system, thereby ensuring its stability. For the SMC controller selected according to the referenced 

study, the parameters are chosen as follows: K=2, c1=8, c2=4 and the remaining parameters are computed 

using the formulas that depend on the system parameters reported in [25]. The simulation program was 

implemented in MATLAB using the forward Euler method with a sampling time of 𝛥𝑡 = 0.001 𝑠.   
 

 

Table 1. AQCSS model parameters 
Parameter Value Units 

𝑚𝑠  600 kg 

𝑚𝑢 60 kg 

𝑘1𝑠 18000 N/m 

𝑘2𝑠 1000 N/m3 

𝑐1𝑠 2500 Ns/m 

𝑐2𝑠 2200 Ns2/m2 

𝑐𝑡 1000 Ns/m 

𝑘𝑡 200000 N/m 

zmax 0.15 m 

 

 

4.1.  Scenario 1 – Road disturbance: Bump input 

For the first simulation scenario, a bump-type road profile is used as the excitation and is described 

by (35): 

 

𝑧𝑟(𝑡) =

{
 
 

 
 
𝑑(𝑡);                      𝑒𝑙𝑠𝑒

−𝑎(𝑡 − 3.5)3 + 𝑏(𝑡 − 3.5)2 + 𝑑(𝑡);  3.5 ≤ 𝑡 < 5

𝑎(𝑡 − 6.5)3 + 𝑏(𝑡 − 6.5)2 + 𝑑(𝑡);  5 ≤ 𝑡 < 6.5

𝑎(𝑡 − 8.5)3 − 𝑏(𝑡 − 8.5)2 + 𝑑(𝑡);  8.5 ≤ 𝑡 < 10

−𝑎(𝑡 − 11.5)3 − 𝑏(𝑡 − 11.5)2 + 𝑑(𝑡);  10 ≤ 𝑡 < 11.5

  (35) 

 

where 𝑎 = 0.0592, 𝑏 = 0.1332, and 𝑑(𝑡) = 0.002(𝑠𝑖𝑛(2𝜋𝑡) + 𝑠𝑖𝑛(7.5𝜋𝑡)) (𝑚) represents a sinusoidal 

disturbance. 

The simulation results of the suspension system's response are illustrated in Figure 2. The time-

domain response of the suspension mass displacement is compared in Figure 2(a). According to the 

oscillation responses shown in the figure, the PSS shows the largest displacement amplitude of the 

suspension mass, reaching approximately ±0.12 𝑚. In contrast, the system using the SMC controller 

maintains the amplitude within ±0.02 𝑚, while the system with the 𝑆𝑦𝑛. 𝐶 controller continues to reduce the 

amplitude to approximately ±0.017 𝑚. This demonstrates that the proposed active control scheme 𝑆𝑦𝑛. 𝐶 

significantly reduces the vibration amplitude of the suspension mass. Regarding the working space of the 

AQCSS, the system must maintain its deflection within permissible limits. As illustrated in Figure 2(b), the 

RSD of the AQCSS with the 𝑆𝑦𝑛. 𝐶 controller is within ±0.6, while the RSD of the SMC controller is 

always within ±0.7. This result shows that both controllers ensure the condition (9). This means that the 

system ensures safe operation within its mechanical limits. Figure 2(c) shows that the RTF of PSS, SMC, and 

𝑆𝑦𝑛. 𝐶 are all less than 1 (10), indicating that the contact between the tire and the road surface is well 

maintained, thus improving stability and safety during control. However, the RTF of the 𝑆𝑦𝑛. 𝐶 control law 

has the highest value at certain times, indicating that this control law exhibits a strong response to 

disturbances, enabling the system to quickly return to its initial position. The control signals of the AQCSS 

according to the SMC and 𝑆𝑦𝑛. 𝐶 control laws are presented in Figure 2(d). Both control strategies generate 

two main control pulses with an amplitude of approximately ±1900 𝑁 when road disturbances occur. 

Nevertheless, compared with SMC, the 𝑆𝑦𝑛. 𝐶 scheme achieves similar performance with a marginally 

reduced control amplitude, supporting the effectiveness of the proposed method. 
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Figure 2. System response in the scenario 1: (a) vertical motion of the sprung mass ms, (b) the relative 

suspension deviation, (c) the relative tire force, and (d) control signal in the active suspension system 

 

 

4.2.  Scenario 2 – Road step excitation 

In the second scenario, the bump-induced road excitation is described by (36). 

 

𝑧𝑟(𝑡) = {
0.05(1 − 𝑐𝑜𝑠(16𝜋𝑡)), 0 ≤ 𝑡 ≤ 0.025
0, 𝑡 > 0.025

,  (36) 

 

The simulation outcomes for scenario 2 highlight clear differences among the three cases: the active 

suspension with the 𝑆𝑦𝑛. 𝐶 law, the system governed by the SMC law, and the passive suspension, as 

summarized in Table 2 and illustrated in Figure 3. As shown in Figure 3(a), the vertical displacement of the 

sprung mass is attenuated much more rapidly under 𝑆𝑦𝑛. 𝐶 than in the passive case, leading to smaller peak 

amplitudes and a shorter settling time, as shown in Table 2. This confirms the superior ability of the 𝑆𝑦𝑛. 𝐶 

controller in stabilizing the system's suspended mass compared to the SMC controller. Figure 3(b) 

illustrates RSD, showing that the results indicate all three systems ensure the condition (9). This 

demonstrates the system's ability to operate within mechanical limits without failure. Figure 3(c) shows the 

system's RTF, where the system's RTF for both passive and active control always remains below 1, 

demonstrating that contact between the tire and the road surface is maintained at all times, thus ensuring 

good traction. Finally, Figure 3(d) presents the control force u, where the 𝑆𝑦𝑛. 𝐶 control law is within 

±120 𝑁, but rapidly decreases to 0. When disturbances appear, it shows that the 𝑆𝑦𝑛. 𝐶 controller provides 

a strong corrective effect during the transition phase to effectively suppress oscillations, while gradually 

reducing energy consumption as the system approaches a steady state. Conversely, although the SMC 

control signal exhibits a smaller oscillation amplitude, it continues to oscillate around the equilibrium point 

due to the characteristics of this controller. Overall, the simulations indicate that the proposed 𝑆𝑦𝑛. 𝐶 

controller provides rapid, non-oscillatory settling, enhances ride comfort and dynamic stability, and respects 

the drivetrain constraints. 

 

 

Table 2. The performance indices evaluating the position response of the ms  
Parameter PSS SMC 𝑆𝑦𝑛. 𝐶 Units 

Settling time  1.9 1.8 0.9 s 

Overshoot  6×10-4 6×10-4 5.1×10-4 m 

Undershoot -17.3×10-4 -11.1×10-4 -9×10-4 m 

Steady-state error  0 0 0 m 
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Figure 3. System response in the scenario 2: (a) vertical motion of the sprung mass ms, (b) the relative 

suspension deviation, (c) the relative tire force, and (d) control signal in the active suspension system 

 

 

5. CONCLUSION  

This study develops and evaluates a synergetic control scheme for an active quarter-car suspension 

through modeling, controller design, and numerical simulation. The governing dynamics are derived using 

the Euler–Lagrange formulation, which captures the nonlinear behavior of the spring–damper elements and 

the coupling between mechanical components under road-induced excitations. The synergetic controller is 

constructed to meet the system objectives by balancing the key performance requirements of the active 

suspension. To this end, an appropriate control manifold is introduced in accordance with the physical 

constraints of the system. The proposed law first drives the states to the manifold and then ensures self-

stabilization. Closed-loop stability in the presence of external disturbances and parameter uncertainties is 

established via Lyapunov analysis. Simulation outcomes show that the proposed synergetic controller 

provides noticeable performance gains over both the SMC-based active suspension and the passive 

configuration, including shorter settling times under different road profiles. Nevertheless, the controllers have 

not yet been implemented on a real experimental setup. Future work will therefore focus on hardware-in-the-

loop implementation to assess feasibility and real-time behavior. Furthermore, to enhance robustness under 

measurement noise, adaptive control techniques will be investigated, and neural networks or state observers 

will be considered to estimate the noise component. 
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