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ABSTRACT

Achieving accurate joint-space tracking in multi-link robotic arms is compli-
cated by strong configuration-dependent nonlinearities and mandatory actuator
limits that classical controllers are structurally unable to enforce. This paper
presents a nonlinear model predictive control (NMPC) scheme for a two-degree-
of-freedom (2-DOF) serial robotic arm, implemented within the CasADi sym-
bolic computing environment to leverage automatic differentiation and sparse
interior-point solving. The complete set of Lagrangian equations of motion-
inertia, Coriolis, and gravity terms-is incorporated directly into the optimizer’s
prediction model through fourth-order Runge-Kutta (RK4) integration, eliminat-
ing the need for linearization. Torque, velocity, and angle bounds are imposed as
native hard inequality constraints at every step of the finite-horizon optimization.
Systematic simulations pit the proposed NMPC against a Ziegler-Nichols-tuned
decentralized PID at two distinct sampling periods. The NMPC achieved a 95%
reduction in peak tracking error relative to PID (0.0058 rad vs. 0.1347 rad for
Joint 1), with mean error decreases of 64.65% and 57.58% for Joints 1 and 2
respectively, at an average solver time of 0.053 s-comfortably within the 0.1 s
control cycle. The findings demonstrate that online NMPC with unabridged
nonlinear dynamics is computationally practical for real-time joint control on
standard computing hardware.
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1. INTRODUCTION
High-fidelity joint-space tracking in robotic manipulators hinges on the ability to handle coupled,

configuration-dependent nonlinearities while simultaneously respecting actuator saturation limits. Proportional-
integral-derivative (PID) controllers are widely adopted in practice due to their simplicity, but the per-joint,
decoupled structure means they cannot compensate Coriolis and inertia cross-coupling, nor can they enforce
torque or velocity bounds in a principled manner [1], [2]. Model predictive control reframes the actuation
problem as a constrained finite-horizon optimization executed at every sampling step. Linear model predic-
tive control (MPC) variants are computationally lightweight but introduce linearization mismatch for plants
with strong nonlinear behavior. Nonlinear model predictive control (NMPC) eliminates this mismatch by em-
bedding the complete nonlinear plant model inside the optimizer; recent progress in sparse NLP solvers and
symbolic computation tools has brought online NMPC within reach of both embedded processors and re-
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search platforms [3], [4]. A wide range of alternative controllers has been studied for robotic manipulation.
Neural-network path planners for mobile robots [5], fuzzy-logic regulators [6], [7], and adaptive controllers [8]
each improve on basic PID performance, yet none enforces physical constraints as an integral design feature.
MPC applied to robotic arms [9]-[11] substantiates the benefits of prediction-based actuation, though many re-
ported implementations rely on linearized or reduced-order plant models. Recent contributions have pushed the
boundary of intelligent hybrid control: a three-link manipulator controller combining adaptive fuzzy logic with
sliding-mode disturbance rejection was developed in [12]; a chattering-free fuzzy super-twisting sliding-mode
scheme for 2-DOF arms under parametric uncertainty was reported in [13]; and a neural-network-enhanced
nonlinear PID with backstepping for wheeled mobile robots was presented in [14]. Notwithstanding these
advances, hard constraint satisfaction is a structural property of MPC that is absent from sliding-mode and
neural-network paradigms by construction. Laguerre-function MPC [15]-[17] and Particle swarm optimization
(PSO)-optimized predictive controllers [18] demonstrate efficiency gains in power electronics and autonomous
vehicle domains; however, full-order NMPC from the complete Lagrangian model remains the gold standard
for arms with pronounced configuration-dependent nonlinearities [19], [20]. The specific contributions of this
work are:
− A fully symbolic NMPC architecture for a 2-DOF serial arm implemented in CasADi, using RK4 integra-

tion of the complete Lagrangian model and executing at 10 Hz online
− Rigorous comparison against a Ziegler-Nichols-tuned PID baseline, yielding 95% peak-error reduction and

mean improvements above 57% for both joints
− Structural guarantee of torque and velocity constraint satisfaction at every time step-a property not achiev-

able with the PID baseline
− Demonstration that CasADi/IPOPT-based NMPC operates within the 0.1 s control period on off-the-shelf

laptop hardware
Section 2 of this paper derives the full Lagrangian dynamic model of the two-link arm. Section 3 formulates
the NMPC problem and describes the PID benchmark. Section 4 presents simulation results and a comparative
analysis. Section 5 summarizes the work and identifies directions for future research.

2. PROBLEM FORMULATION AND METHODS
2.1. Dynamic equations

The plant under study is a planar two-link robotic arm. For each link i ∈ {1, 2}, θi denotes the joint
angle, Li the link length, and Mi the link mass; g is the gravitational acceleration. The physical configuration
is illustrated in Figure 1.

Figure 1. Two-link robot arm
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The equations of motion are derived using the Lagrangian energy method [21]. This approach con-
structs the scalar Lagrangian L = T − V from the total kinetic and potential energies, then applies the Euler-
Lagrange operator to obtain the governing differential equations for each generalized coordinate.

2.1.1. Lagrangian formulation
With the joint angles θ1 and θ2 as generalized coordinates, the kinetic energy T and potential energy

V are evaluated and combined to yield the Lagrangian L.
The total kinetic energy T is given by:

T =
1

2
M1ẋ

2
1 +

1

2
M2(ẋ

2
1 + ẋ2

2 + 2ẋ1ẋ2 cos(θ2)), (1)

where ẋ1 and ẋ2 are the velocities of the centers of mass of the links, and M1 and M2 are the masses of the
first and second links, respectively.

Gravitational potential energy stored in both links summed over their respective center-of-mass heights
gives:

V = (M1gL1 cos(θ1)) + (M2g(L1 cos(θ1) + L2 cos(θ1 + θ2))), (2)

where g denotes gravitational acceleration. The Lagrangian is therefore:

L = T − V. (3)

Substituting L into the Euler-Lagrange operator for each generalized coordinate yields the governing
torque equations:

d

dt

(
∂L

∂θ̇i

)
− ∂L

∂θi
= τi, i = 1, 2, (4)

with τ1 and τ2 being the joint torques that serve as control inputs.

2.1.2. Inertia matrix
Differentiating L twice with respect to the generalized velocities produces the configuration-dependent

inertia matrix M(θ2):

M(θ2) =

[
D1 D2

D2 D4

]
, (5)

where:

D1 = (M1 +M2)L
2
1 +M2L

2
2 + 2M2L1L2 cos(θ2), (6)

D2 = M2L
2
2 +M2L1L2 cos(θ2), (7)

and

D4 = M2L
2
2. (8)

2.1.3. Coriolis matrix
Inter-joint velocity interactions generate Coriolis forces that are collected in the matrix C(θ̇1, θ̇2, θ2):

C(θ̇1, θ̇2, θ2) =

[
C1

C2

]
, (9)

where:

C1 = −M2L1L2

(
2θ̇1θ̇2 + θ̇22

)
sin(θ2), (10)

and

C2 = −M2L1L2θ̇1θ̇2 sin(θ2). (11)
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2.1.4. Gravity vector
The reaction torques at each joint due to gravity are assembled into the vector:

G(θ1, θ2) =

[
G1

G2

]
, (12)

where:

G1 = −(M1 +M2)gL1 sin(θ1)−M2gL2 sin(θ1 + θ2), (13)

and

G2 = −M2gL2 sin(θ1 + θ2). (14)

2.1.5. State equations
Joint accelerations θ̈ are recovered by inverting the inertia matrix:

θ̈ = M−1(τ −C−G), (15)

where τ = [τ1, τ2]
⊤ collects the joint torques acting as control inputs, and C, G are the velocity-coupling and

gravitational terms derived above.

2.1.6. Forward Kinematics
The Cartesian coordinates (x, y) of the end-effector are obtained from the joint angles through the

standard planar chain geometry:

x = L1 cos(θ1) + L2 cos(θ1 + θ2), (16)

and

y = L1 sin(θ1) + L2 sin(θ1 + θ2). (17)

These geometric expressions permit joint-space tracking metrics to be directly interpreted as end-effector po-
sitioning accuracy in the workspace.

3. CONTROL STRATEGY
At each control step, the proposed NMPC formulates and solves a constrained nonlinear program

(NLP) that selects joint torques so as to jointly minimize trajectory tracking deviation and actuator energy
consumption over a finite prediction horizon. Future states within that horizon are propagated using a fourth-
order Runge-Kutta (RK4) integration scheme [22], which preserves the arm’s configuration-dependent inertial
and Coriolis characteristics without approximation. Bounds on joint position, velocity, and torque are imposed
directly inside the NLP as hard inequality constraints, so the optimizer can only produce solutions that are
physically realizable.

3.1. Cost function
The NLP objective accumulates, over the N -step prediction window, a quadratic penalty on state

deviation from the reference trajectory and a quadratic penalty on the applied torques, together with a terminal
stage cost:

J =

N−1∑
k=0

(xk − xref)
⊤
Q (xk − xref) + u⊤

k Ruk + x⊤
NQNxN (18)

Here xk ∈ R4 collects the joint angles and angular velocities at prediction step k, xref is the reference
trajectory to be tracked, and uk ∈ R2 holds the two joint torques. The positive semi-definite weight Q balances
angle and velocity tracking accuracy, R penalizes actuator effort to prevent excessive torque usage, and the
terminal weight QN provides a Lyapunov-like endpoint penalty that promotes closed-loop stability.
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3.2. Parameter selection
The prediction horizon N and the weight matrices were selected following the systematic tuning

framework of [23], [24]. A grid search over N ∈ {3, 5, 8, 10} showed that N = 5 provides the optimal
cost-computation tradeoff: horizons shorter than 5 produced near-sighted torque commands with persistently
elevated steady-state error, whereas extending to N > 5 reduced RMSE by under 2% at a disproportionate com-
putational cost [4]. Initial diagonal entries of Q were set according to Bryson’s inverse-square rule [24], using
the reciprocal of the squared admissible deviation for each state. This was followed by iterative simulation-
based refinement, yielding Q = diag(55, 55, 0.1, 0.1) and R = diag(0.001, 0.001). The elevated Q11/Q22

entries prioritize angular accuracy; the smaller Q33/Q44 values accept moderate velocity deviations; and the
small R entries allow adequate torque authority for tracking demanding trajectories without unnecessary energy
consumption [23].

3.3. System dynamics
Defining the state vector as x = [θ1, θ2, θ̇1, θ̇2]

⊤ and the input vector as u = [τ1, τ2]
⊤, the arm’s

continuous-time dynamics take the compact form:

ẋ = f(x,u), (19)

where the right-hand side f encapsulates the complete Lagrangian model, covering configuration-varying iner-
tia, Coriolis velocity coupling, and gravity loading as derived in section 2.

Each predicted state in the horizon is advanced by one sampling step through the classical fourth-order
Runge-Kutta (RK4) integrator [22]:

xk+1 = xk +
∆t

6
(k1 + 2k2 + 2k3 + k4), (20)

where k1=f(xk,uk), k2=f(xk+
∆t
2 k1,uk), k3=f(xk+

∆t
2 k2,uk), k4=f(xk+∆tk3,uk).

3.4. Constraints
At each of the N shooting nodes k ∈ {0, . . . , N−1} the NLP enforces three constraint groups: bilat-

eral bounds on the state vector xmin ≤ xk ≤ xmax, bilateral bounds on the control input umin ≤ uk ≤ umax,
and continuity equations xk+1 = f(xk,uk) that couple successive nodes. Bound values are listed in Table 1.

Table 1. Simulation parameters and configuration
Parameter Symbol Value
Link masses M1,M2 1.0 kg

Link lengths L1, L2 1.0m
Gravity g 9.81m/s2

Simulation time – 50 s

Sampling time T 0.1 s
Prediction horizon N 5

State weight Q diag(55, 55, 0.1, 0.1)

Control weight R diag(0.001, 0.001)
PID gains (Kp,Ki,Kd) – 500, 100, 20

3.5. Implementation details
The complete NLP is assembled using CasADi’s symbolic API within MATLAB [3], [25], which

constructs exact first- and second-order derivatives of both the objective and the constraints via automatic dif-
ferentiation. The resulting sparse derivative structures are passed directly to IPOPT [26], an interior-point
solver that exploits this sparsity for efficient matrix factorization. State discretization uses the direct multiple-
shooting transcription [27], [28]: each node’s state xk is introduced as an independent optimization variable
and coupled to its successor through the RK4 equality constraint, which yields a well-conditioned problem
compared with single-shooting alternatives. At each control cycle, only the leading torque vector of the com-
puted optimal sequence Uopt is dispatched to the plant; the whole procedure then repeats from the updated state
measurement.
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3.5.1. PID controller
The baseline controller is a per-joint decentralized PID [1], [2], in which each joint independently

computes its torque as τi(t) = Kpi ei(t) + Kii

∫ t

0
ei dξ + Kdi ėi(t), with ei = θi,ref − θi the signed angular

tracking error for joint i.

3.5.2. PID tuning
Initial gains were determined by the Ziegler-Nichols ultimate-gain procedure [29], [30] and further

refined through simulation trials for each of the two sampling periods tested (dt = 0.01 s and dt = 0.1 s); the
final values are compiled in Table 1. The requirement for independent re-tuning at each sampling rate, com-
bined with the controller’s inherent inability to account for Coriolis cross-coupling, underlines a fundamental
limitation of the decentralized PID architecture.

4. SIMULATION SETUP AND RESULTS
4.1. Simulation parameters

The NMPC framework was validated on a two-link arm with parameters and configuration sum-
marised in Table 1. Constraints bound joint angles to ±π rad, velocities to ±10 rad/s, and torques to ±20Nm.

4.2. Control system architecture
Both controllers operate within the closed-loop architecture depicted in Figure 2, where the plant

output (measured joint angles and velocities) feeds back to the controller at every sampling instant.

Figure 2. Closed-loop NMPC

4.3. Simulation results
Full-range sinusoidal reference signals spanning the entire joint workspace were issued to both con-

trollers, creating a stringent evaluation of transient agility and long-run steady-state performance under realistic
operating conditions.

4.3.1. Performance analysis
The quantitative advantage of the NMPC visible in Table 2 originates from three structural properties

that distinguish it from any reactive controller.

− Anticipatory torque generation: The NMPC computes an optimal torque sequence by minimizing the cost
J over a rolling five-step horizon, so the actuator is adjusted in advance of predicted trajectory curvature
rather than after it produces an error. This pre-emptive capability is architecturally absent from every
reactive control scheme.

− Coupled dynamics compensation: Because the prediction model incorporates the full Coriolis matrix
C(θ̇1, θ̇2, θ2), the cross-joint velocity interactions are accounted for when computing optimal torques. The
PID handles each joint independently; Coriolis effects then appear as unmeasured disturbances that grow
with joint speed and manifest as persistent tracking offset.

− Built-in constraint satisfaction: The inequality constraints |τi| ≤ 20Nm, |θi| ≤ π rad, and |θ̇i| ≤ 10 rad/s
are embedded inside the NLP, so the optimizer is mathematically prohibited from returning limit-violating
torques. The PID relies on an external saturation element which, when active, interacts with the integrator
state and can erode stability margins.
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The statistical tracking metrics and computation times across both sampling rates are compiled in Table 2. At
dt = 0.01 s, the NMPC recorded mean errors of 0.0035 rad and 0.0014 rad for Joints 1 and 2, against 0.0099 rad
and 0.0033 rad for the PID, corresponding to reductions of 64.65% and 57.58% respectively. Peak deviations
dropped from 0.1347 rad to 0.0058 rad for Joint 1 (−95.69%) and from 0.0510 rad to 0.0019 rad for Joint 2
(−96.27%). At the coarser dt = 0.1 s rate, analogous improvements of 56.00% and 63.89% were obtained
with no adjustment to the NMPC weight matrices. The mean solve time remained between 0.053 s and 0.056 s
across both rates, safely inside the 0.1 s budget.

Table 2. NMPC and PID performance comparison
dt Parameters Joint 1 Joint 2 Timing (s)
(lr)3-5 (lr)6-8 (lr)9-10 Mean Max RMS Mean Max RMS Mean Max

0.010

NMPC 0.0035 0.0058 0.0038 0.0014 0.0019 0.0015 0.053 0.261
PID 0.0099 0.1347 0.0170 0.0033 0.0510 0.0050 3.61× 10−6 0.001595
Improvement (%) 64.65 95.69 77.65 57.58 96.27 70.00 - -

(lr)2-11 NMPC Q = 500 R = 0.001 Q = 55 R = 0.0001
PID Kp = 400 Ki = 100 Kd = 20

0.100

NMPC 0.0055 0.0076 0.0055 0.0013 0.0022 0.0015 0.056 0.246
PID 0.0125 0.1374 0.0177 0.0036 0.0493 0.0056 1.08× 10−5 0.001315
Improvement (%) 56.00 94.47 68.93 63.89 95.54 73.21 - -

(lr)2-11 For NMPC Q = 500 R = 0.001 Q = 55 R = 0.0001

PID Kp = 30 Ki = 15 Kd = 1.2

4.3.2. Real-time performance and parameter sensitivity
All tests ran on an Intel Core i7-8550U laptop under MATLAB R2023a. Average NMPC solve times

were 0.053 s at dt = 0.01 s and 0.056 s at dt = 0.1 s, both keeping comfortably inside the 0.1 s control budget.
The single peak of 0.261 s occurred only at the first iteration due to a cold-start initialization; once a warm-start
guess was available, every subsequent solve sat well below the budgeted 0.1 s. The horizon sensitivity study
over N ∈ {3, 5, 8, 10} verified that N = 5 strikes the best balance between accuracy and computation load:
smaller windows led to myopic torque strategies with noticeable steady-state offset, while N = 10 trimmed
RMSE by no more than 2% at a 1.8× increase in average solve time. The weight matrices selected during
tuning remained insensitive to changes in trajectory shape because the receding-horizon correction mechanism
automatically compensates for plant-model discrepancies at each control step, eliminating the need for gain
scheduling.

The workspace trajectory traced by the end-effector under both controllers is shown in Figure 3.
The NMPC path closely follows the reference locus, whereas the PID trajectory exhibits notable deviations,
particularly at trajectory turning points.

Figure 3. Comparison of the end effector trajectory of NMPC vs PID

Figure 4 presents the angle time histories for each joint under both controllers. The NMPC tracks
the sinusoidal reference with near-zero residual error throughout the full 50 s run; proactive torque planning
keeps the controller ahead of reference curvature changes. The PID eventually converges but shows noticeable
phase lag during fast transitions and persistent oscillation on Joint 2, which is a characteristic symptom of
uncompensated Coriolis coupling from the other joint.
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Figure 4. Comparison of joint trajectories: PID vs NMPC

The error time series in Figure 5 make the performance difference quantitatively clear. After a brief
initial transient, the NMPC error settles to a narrow, near-stationary band, whereas the PID error shows recur-
ring oscillatory spikes whose amplitude and frequency track variations in trajectory curvature. The NMPC’s
consistently low error is direct evidence that anticipatory torque planning prevents the error bursts that are
unavoidable with purely reactive, error-driven control.

Figure 5. Tracking error comparison: PID vs NMPC
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Figure 6 display the torque waveforms delivered to Joint 1. The NMPC torque stays smooth and
remains strictly within ±20Nm at all times because the constraint is built into the NLP; the optimizer spreads
corrective effort across the whole horizon rather than issuing single large impulses. The PID signal is larger at
trajectory onset, exhibits abrupt step changes at curvature inflections, and requires an external saturation block
to clip limit violations-a reactive strategy that is fundamentally incapable of preventing constraint breaches
before they occur.

Figure 6. Control torque for joint 1: NMPC vs PID

Figure 7 extend the torque comparison to Joint 2. The NMPC optimizes τ1 and τ2 simultaneously as
a coupled two-dimensional control problem, so the Joint 2 torque is naturally coordinated with Joint 1 to share
Coriolis loads between the two joints. The output is smooth and energy-efficient. Without access to Joint 1’s
state, the PID Joint 2 loop produces more irregular torque; the oscillation frequency in its output tracks Joint 1
angular speed directly, confirming that unmodeled Coriolis forces are driving the disturbance.

Figure 7. Control torque for joint 2: NMPC vs PID
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5. CONCLUSION
This work developed and validated an NMPC framework for joint-space trajectory tracking of a

2-DOF serial robotic arm, built within the CasADi symbolic environment and solved at each control step by
IPOPT’s interior-point algorithm. The prediction model embeds the complete Lagrangian dynamics-
configuration-dependent inertia, Coriolis coupling, and gravitational loading-discretized via RK4 integration,
and actuator and state limits are imposed as hard NLP inequalities rather than post-hoc saturations. Compared
with a Ziegler-Nichols-tuned decentralized PID across two sampling rates, the NMPC trimmed peak angular
error by 95.69% for Joint 1 and 96.27% for Joint 2, and cut mean error by 64.65% and 57.58% respectively.
Average solve times of 0.053–0.056 s confirmed that the optimizer consistently fits within the 0.1 s control
window on a standard laptop, establishing real-time suitability without needing specialized embedded
hardware.

Three structural features of the NMPC formulation-look-ahead torque planning, integrated coupling
compensation, and mathematically guaranteed constraint adherence-collectively account for the measured
performance advantage over the decentralized PID. Critically, none of these attributes requires problem-specific
engineering effort beyond providing the system description to CasADi. Planned extensions include: i) Hardware-
in-the-loop verification on a physical two-link arm testbed to assess disturbance rejection and model-mismatch
robustness under real operating conditions. ii) Scaling to higher-DOF manipulators with machine-learning
surrogate dynamics to reduce online computational demand. iii) Reinforcement-learning-based automated
tuning of the weighting matrices Q and R to remove the manual calibration step. and iv) Exploration of
adaptive and robust NMPC formulations capable of handling time-varying parameters such as payload mass
changes.
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