TAES International Journal of Robotics and Automation (IJRA)
Vol. 15, No. 2, June 2026, pp. 427~444
ISSN: 2722-2586, DOI: 10.11591/ijra.v15i2.pp427-444 a 427

Robust efficient ego-vehicle path prediction based on Bezier
curves for autonomous driving

Hanan H. Hussein!, Ahmed Atef?, Mohamed Hanafy Radwan?
!Computers and Systems Department, Electronics Research Institute, Cairo, Egypt
2Valeo Innovations and Technology hub in Egypt (VITE), Smart Village, Cairo, Egypt

Article Info

ABSTRACT

Article history:

Received Feb 20, 2026
Revised Apr 29, 2026
Accepted May 17, 2026

Keywords:

Automatic emergency braking
Autonomous driving

Bezier curves

Collision avoidance

Path prediction

Third-order polynomial

Accurate ego-vehicle path prediction is essential for safety-critical functions
in advanced driver assistance systems (ADAS), such as automatic
emergency braking (AEB) and collision avoidance. Existing models based
on Clothoid curves are typically not sufficient in expressing complex
maneuvers and are not highly adaptive to various vehicle dynamics. In
addition, these models struggle with accuracy in circular maneuvers and fail
to use in complex paths (e.g., S-shapes). This paper proposes a novel
representation of the ego-vehicle path prediction using Bezier curves. The
proposed Bezier curves are composed of two Cartesian third-order
polynomial functions. They are formulated efficiently to model both circular
and S-shaped trajectories with high accuracy and low computational cost.
Our method significantly reduces prediction error, achieving over 95%
improvement in average Euclidean distance error compared to Clothoidal
models along about 50 m paths in controlled circular scenarios. The
proposed algorithm, designed with O(n) complexity, is suitable for real-time

applications on low-power automotive hardware. Its effectiveness is
demonstrated through simulation using CarMaker, and a collision estimation
module for AEB is developed based on the predicted paths.
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1. INTRODUCTION

Road safety and driving efficiency have emerged as major concerns over the last decade, and
advanced driver assistance systems (ADAS) has come forward [1]. ADAS comprises a set of technologies
meant to enhance the safety of the vehicle and the comfort of driving by making drivers better at taking
informed decisions in avoiding danger. These technologies combine sensors, cameras, and radar with Al to
track everything in the surroundings and provide real-time feedback or act automatically. The importance of
ADAS is not only safety, but also even the road to the future of autonomous driving lies through the path of
ADAS. Since vehicle automation technology advances, it will go on to fully autonomous systems. This is a
foundational step in progressively adding automation to driving tasks with driver involvement.

Many active safety features of ADAS are based on the prediction of the ego-vehicle path of motion
from the current ego-vehicle state of motion [2]. The ego-vehicle path of motion is the planned route or
trajectory that an automated vehicle is expected to follow to reach its destination safely and efficiently. It
considers the vehicle's current position, speed, surroundings, and any obstacles along the way. For example,
algorithms responsible for end-user functionality of automatic emergency braking (AEB) use the ego-vehicle
predicted path and paths estimated for surrounding detected objects to compute the expected positions of
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collision [3]. According to the expected positions of collision with surrounding objects, the AEB algorithms
are capable of considering the suitable braking actions to avoid collisions, especially on highway roads. As a
result, the accuracy of the predicted ego-vehicle path and its robustness with the changing ego-motion state
play an important role in the functionality of AEB.

The predicted ego-vehicle path could be mainly dependent on the ego-motion instantaneous radius
of rotation, which is dependent on the instantaneous input steering made by the driver. As a result, the
predicted path could be based on a circle with its radius varying instantaneously to match the current
instantaneous radius of rotation. Such a circle becomes with very high radius (almost a straight line) for very
small steering action. The circular presentation of the predicted ego-vehicle path is simple and efficient to
cover most of the basic driving situations where no more information regarding the road markers (lanes) or
other specific driver input actions (like lane changes) are provided [4].

The main limitation in the circular presentation of the ego-vehicle path is that it assumes that the
vehicle will continue moving with the same curvature (same radius of rotation), as it considers only the ego-
motion instantaneous calculations [5]. On the other hand, other important factors could greatly affect the
predicted path and worth to be considered as well. The vehicle moving on a certain lane should probably be
expected to continue moving in the same lane in a normal driving situation unless the driver sets any of the
blinkers to indicate moving right or left. As a result, the lanes detected by long-range sensors (like RADAR
or LiIDAR) should be considered in the estimation of the predicted path. Moreover, the driver input actions to
change the current lane should be considered as well in the predicted path estimation. It is clear that the
circular presentation of the predicted path is not suitable for non-circular rounding lanes, as in snake-like
lanes, or for lane change scenarios where vehicle moves in S-shape path. Thus, there is a need for a more
generic and robust approach to present the predicted ego-vehicle path in both basic driving situations and
complex ones rather than the circular approach.

Bezier curves can be a proper generic solution to support basic and complex driving maneuvers in
presenting predicted ego-vehicle path [6]. Bezier polynomials, according to their order, can generate paths
with varying steering either not counter steering or counter-steering, starting from straight paths then circular
ones and ending with S-shapes or double S-shape (like take-over maneuvers) [7]. In order not to increase its
complexity much, S-shape paths can be achieved by third-order polynomial Bezier equations. Bezier curves
based on a combination of two third-order polynomials can provide circular predicted paths for basic
maneuvers plus S-shape paths for lane change or snake-shaped lanes. Moreover, it is capable of presenting
the Clothoidal cubic polynomial curve model, which could be efficient in presenting not counter steering
paths as in [8], [9]. This means that the Clothoidal path prediction on both highways and urban roads is a
subset of the proposed Bezier curves path prediction, where the proposed approach is capable of covering
circular maneuvers that are not fully covered by the regular Clothoids. Thus, third-order polynomial Bezier
equations can be an efficient, robust, and cheap solution to present predicted ego-vehicle paths for both not
counter steering paths (circular paths and Clothoids) and counter steering paths (S-shapes) [10]. It can be the
proper solution for path prediction and planning used in high-speed ADAS features like AEB [11], lane keep
assist (LKA) [12], and lane change assist (LCA) [13], and also in low-speed maneuvers like parking [14].

Bezier curves has proven high efficiency in path planning either at the level of long-range route
planning [15] or short-range maneuvers planning like at intersections in roundabouts [16]. It can connect
efficiently and smoothly between intersection points while guaranteeing continuous curvature and steering.
While Bezier curves are commonly used for smooth trajectory generation, alternatives such as B-splines and
NURBS also offer strong continuity and flexibility in trajectory design, as detailed in the seminal work by
Piegl and Tiller [17]. The order of the Bezier curve and its complexity shall increase with the increase in the
connected intersection points that shall be provided based on given map nodes. Based on its efficiency in
path planning, the Bezier curves can be used efficiently as well in path prediction. The number of connected
points or frames in path prediction shall be very limited compared to path planning, where a frame is defined
by a location point and orientation angle. This is because the path prediction covers a limited space, as it is
mainly based on the instantaneous ego-vehicle motion state and perception information of the surrounding
environment. Consequently, there is a strong demand for enhancing path prediction techniques to be robust,
efficient, and deployable on low-power automotive-grade hardware. Such a solution shall be based on Bezier
curves and capable of running perfectly on different automotive controllers including low computing power
ones with other complex applications and basic components on the automotive software stack running in
parallel.

While Bezier curves are widely used for trajectory generation, their direct application to ego-vehicle
path prediction faces challenges: i) control points are often selected heuristically, leading to curvature
discontinuities during dynamic maneuvers; ii) high-order Bezier curves improve accuracy but increase
computational cost, making them unsuitable for real-time ADAS [18]; and iii) most implementations focus
on global path planning rather than kinematic-aware local prediction [19]. Thus, the problem tackled in this
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paper is how to use the Bezier curves efficiently in ego-vehicle path prediction. The efficiency is intended
based on the different aspects of accuracy, robustness, and cost.

Because of their smoothness characteristics and computational efficiency, Bezier curves have
become a basic tool in autonomous vehicle trajectory generation. Third-order Bezier curves have lately been
investigated for several uses in path planning and control. Using N-order polynomial search with boundary
conditions, Vinayak et al. [16] presented a new Bezier curve control point search algorithm for autonomous
navigation. Although their approach shows good path generation, it is less appropriate for real-time ego-
vehicle path prediction since it concentrates mostly on global route planning and requires predefined
geometric constraints. Arslan and Tiemessen [18] developed an adaptive Bezier degree reduction and
splitting method for computationally effective motion planning in the framework of vehicle motion planning.
Their work maintains a focus on offline path smoothing rather than dynamic prediction based on vehicle
kinematics, even while it greatly advances the field by optimizing curve complexity. Similarly, Ding et al.
[14] used Bezier curves mimicking Clothoids for perpendicular parking moves to produce smooth low-speed
paths. But their method ignores the difficulties of high-speed path prediction and only considers organized
parking situations.

Integration of Bezier curves with learning-based methods has been tried by several researchers. For
risk assessment in vehicle motion planning, Wang et al [3] coupled long short-term memory
(LSTM) networks with Bezier parameter prediction. Although creative, such hybrid techniques bring
computational complexity and lowered interpretability that might not satisfy the strict criteria of safety-
critical ADAS functions. Moreover, such learning-based methods depend on heuristic control point selection
that may result in curvature discontinuities during dynamic maneuvers. Existing approaches for ego-vehicle
path prediction in ADAS primarily rely on geometric models such as Clothoid curves, polynomial fitting, or
data-driven techniques in [19]. They present learning-based methods that depends on large datasets to predict
trajectories. Unfortunately, it requires high computational resources and may not predict well to unseen
scenarios.

Gao et al. [20] introduced a self-supervised deep learning framework that optimizes depth and ego-
motion estimation. Their novelty lies in the introduction of a feature quadtree loss, which replaces traditional
photometric loss to better capture details. However, compared to our proposed Bezier-based path prediction,
their method presents significant disadvantages in terms of computational overhead and architectural
complexity. Furthermore, they focus on visual perception, our approach provides a continuous,
kinematically-feasible path representation that is specifically optimized for active safety functions like AEB,
particularly in complex S-shaped and circular maneuvers where visual-only pose estimation may encounter
drift. Peng et al. [21] proposed a fixed dual third-order Bézier curve architecture that directly maps
instantaneous ego-vehicle motion states to a continuous path representation. Unlike conventional methods
that depend on iterative fitting, variable model structures, or data-driven training processes, the proposed
formulation provides a deterministic and closed-form solution with low computational overhead. This
enables consistent modelling of both circular and S-shaped trajectories within a unified framework, while
maintaining real-time performance suitable for embedded automotive systems. However, Moreover, their
system is built based on calculation executed on social pooling network infrastructure as they need to collect
data from the vehicle itself and the surrounding environment.

The existing research suffers from three main constraints: First, few techniques solve the
computational constraints of automotive-grade hardware. Second, most Bezier implementations concentrate
on path planning rather than real-time prediction. Third, control points are usually determined geometrically
rather than from vehicle kinematics. By means of a kinematic-aware Bezier formulation especially intended
for ego-vehicle path prediction in ADAS applications, the kinematic constraints of the vehicle motion, like
maximum lateral acceleration and maximum steering, can be appropriately considered.

Unlike these previous efforts, our work suggests a new approach that combines two third-order
Bezier curves for real-time ego-vehicle path prediction. We derive the control points analytically based on
the instantaneous vehicle state (yaw rate, speed, and orientation), which allows for high-accuracy path
approximation with minimal computational overhead, in contrast to existing methods that either assume high-
order curve fits or rely on numerical optimization. Integration with a collision estimation module for AEB
validates our approach, which is especially well suited to safety-critical ADAS applications. To the best of
our knowledge, this is the first work that uses a fixed dual third-order Bezier curve architecture for embedded
predictive safety functions to predict paths from instantaneous motion states. It shall be noted that the
proposed solution is validated with test cases of recorded vehicle test traces, including real signals of vehicle
speed and yaw rate. However, the preprocessing of such signals before being fed to our solution is beyond
the scope of the paper, which focuses on proving the algorithmic concept. Modelling uncertainties in the
input signals and propagating them in the path prediction to have the generated path with accompanied
uncertainty could be more efficient in the collision estimation for AEB with accompanied uncertainty as well.
However, this principle shall be extended to our future work.
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The main contribution in this paper, which is the subject of the granted patent [11], lies in solving
the tackled problem through the formulation of a new representation of the predicted ego-vehicle path. The
proposed new representation based on third-order polynomial Bezier equations has the following
characteristics that are highly important for proper and efficient end-user functions of ADAS.

— Accuracy: The proposed solution achieves higher accuracy with less error (more than 90% in some
scenarios) than the regular Clothoids when tested on circular maneuvers as justified in simulation results.

— Robustness: The proposed solution is capable of covering the different basic maneuvers starting from
simple straight and circular, and ending with sinusoidal or S-shape maneuvers. Moreover, it is based on
the input instantaneous speed and yaw rate, which can be provided for any vehicle type (car, bus, truck,
van, and motorcycle).

— Cheapness: The solution as presented in the formulated algorithm (Algorithm 1 in section 3) has low
complexity (O(n), where n presents the number of waypoints forming the generated path) that makes it
capable of running on cheap targets.

In the next sections of the paper, we will show how the Bezier curves can be easily and efficiently
used to present the predicted ego-vehicle path. Comparison plots of scenarios are presented for the generated
Bezier path versus the one obtained from Clothoids against the ground truth reference road on CarMaker for
circular paths. Section 2 clarifies the path prediction framework. It introduces the mathematical background
for the third order polynomial Bezier equations, the Bezier curves obtained from the combination of two
Bezier equations, and how to generate a Bezier path, which is the closest to a circular arc with a specific
given radius of rotation. In section 3, we show the proposed approach for ego-vehicle predicted path
generation. Simulation results are presented in section 4. Comparison plots of path prediction with Bezier
curve versus Clothoidal polynomial against CarMaker ground truth and calculation of Bezier path collision
points for AEB are presented. Finally, the paper is concluded in section 5 supported with future work.

2. PATH PREDICTION FRAMEWORK

Our proposed solution considers only the input motion state of the ego-vehicle, specifically its speed
and yaw rate (which represent the instantaneous radius of rotation or curvature). As a result, the predicted
path shall be a circular maneuver based on the instantaneous input curvature. As mentioned before, the
proposed third-order polynomial Bezier equations are capable of covering more complex maneuvers like S-
shapes. Moreover, prediction of S-shape or similar maneuvers require more input information of full
perception of the lanes, status of the blinkers, and predetermination of the route and updated map of the road
as in [15]. However, this could not be enough to predict snake maneuvers as for any reason the driver could
change his decision by not following the r oute, or not changing the lane after toggling the blinker, or change
more than one lane instead of one. There shall be solid criteria and clear requirements defined to cover the
system behavior for such several use cases. The end-user function under study in our scenario is AEB, which
is a highly safety critical feature according to the new car assessment program (NCAP) standards and test
protocols [22]. Thus, the ego-vehicle path prediction proposed in this paper serving AEB functionality is
based only on the input instantaneous current vehicle state, and it provides only predicted circular and
straight maneuvers. More complex maneuvers shall be considered as future work for path planning rather
than path prediction, where the generated path shall be followed by the automatic control system to serve
other functionalities like LCA with clear requirements and standards defined to cover its different use cases
[23].

This section clarifies the information related to the trajectory planning methodology utilizing real-
time parametric Bezier curves. These curves obtained from two third order polynomial Bezier equations. The
approach will concentrate on employing these curves for path prediction in highway and urban environments,
including intersections, roundabouts, and lane changes, as well as for speed planning to ensure comfort and
safety. The explanation of the planning framework will be separated into three sub-sections: i) the generic
third order Bezier equation, i) how the Bezier curve can be obtained from combining two third order
polynomial equations. iii) Bezier curve presentation for circular arc.

2.1. Third order polynomial Bezier equation
The cubic (third order) Bezier equation r(t) can be written in its generic form as follows:

r(®) = (1—-t)3Ry+ 3(1 —t)?tR;+ 3(1 —t)t?R, + t3 R, )
The independent parameter t is in the range [0,1]. R, and R; are the values of r(t = 0) and

”t:o) +r(t= 0)] and [r(t =

r(t = 1), respectively. R, and R, are the control points with the values of [
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1) _ f(t: 1)
the red Bezier curve. The green points (R; and R,) are the control points at t =1/3 and t = 2/3,
respectively. The green control points obtained from the derivatives of the Bezier curve at its boundaries
(t = 0 and t = 1) controls the shape of the Bezier curve r(t). Table A.1 lists the mathematical symbols used
in the Bezier polynomial equations, its definitions, and its evaluation in Appendix A.

], respectively. As shown in Figure 1, the blue points (R, and R3) are the initial and final values of

(t) @ R
Ry

R,

0 1/3 2/3 1 t

Figure 1. Plot of third order Bezier equation
2.2. Bezier curve obtained from the combination of two third order polynomial Bezier equations
According to (1), the third order polynomial Bezier equations for the two coordinate variables x, (t) and
¥p(t) can be as follows.
xp() = (1=113Xp+ 31 -0 tX; + 31— t* X, + t3 X, @)

p®) = 1-0,+ 31—tV + 30 - t*Y, + 3V, 3)

The coordinates x, , y, set as the local coordinates for the Bezier curve generation are characterized
by the following boundary conditions as shown in Figure 2.

x,(t=0)=X,=0 x,t=1)=X;=M
y(t=0)=Y=0 WE=1)=Y=0

As aresult, (2) and (3) can be simplified to be as follows.
() =3X, 1-0)?t+3X,A-t)t*+M¢t3 4)
yw®) = 3, 1-t)*t+ 3V, (1 —1t)t? %)

{X1, X5} and {Y; , >} are the control points of x, (t) and y, (t), respectively. Thus, they are characterized by
the following equations.

X =t =0)+ 252 = 1 (t=0) V= yt=0)+ 252 = 1y (t=0)

Xy=x(t=1) - 22 = M- 1h(t=1) YV=yC=1)-2"=-1y@=1
Thus, the derivatives at the boundaries can be deduced as follows.

x,(t=0)= 3X, 6)

Jp(t=0)= 3, (7)

x,(t=1)=3(M—X,) ®)

Bt =1) = =37, ©)

Robust efficient ego-vehicle path prediction based on Bezier curves for ... (Hanan H. Hussein)



432 a ISSN: 2722-2586

The orientation of the vehicle in the defined local Bezier Coordinates (x,,Y,) is presented with 6,.. The
tangent of the orientation of the vehicle can be defined as follows.

tan(6,) = %: = Z—: (10)

Based on (6) — (10), we can deduce the relation between the control points of the Bezier equations in
the two defined coordinates.

Ipt=0) _ v,

tan(8,,) = t, = oD = X Y, =t Xy (11)
. ype=D -y _ ~
tan (Br ) =t = =D~ M1 Y, = —tr (M —X;) (12)

By substituting (11) and (12) in (5), the Bezier equation in the local coordinates (xy,, y,,) becomes as:
yp(®) = 3ty X, (1=t t— 3t (M= X,) (1 —1t) t? (13)

where x,,(t) and y,(t) are as presented in (4) and (13), respectively. They show that the Bezier curve to be
generated between two input frames with defined ¢, and t; is mainly a function in the places of the control

points X; and X,. In order to simplify the values of the two control points by combining them in one
variable with their functionality almost preserved, they can be assumed to be equally placed from the
boundaries with a distance b. Then, the values of X; and X, can be assumed to be (b M) and (1 —b) M,
respectively. The range of b is [0,0.5]. As a result, the generated Bezier curve can be finally presented as a
function depending on b as:

x,(t) = (3bM) t +3M(1 — 3b) t> — 2M(1 — 3b) t* (14)
y,(£) = (3bMty)t — 3bM (t; + 2¢t,) t2 + 3bM (t7 + t,) t° (15)

Figure 2 shows a general plot of the Bezier curve generated from the combination of the two third
order polynomial Bezier (14) and (15). The challenge afterwards is to look for the best value of b that could
serve a specified functionality by the generated Bezier path. Roughly, the setting of b with 1/3 could be
mostly sufficient to have reasonable Bezier paths connecting a specific initial frame (0, 0, 6,,)) with a specific
target one (M, 0, 6, f) in the local Bezier coordinates (x,,y,). Setting (b) with (1/3) shall be capable of
presenting cubic clothoidal polynomial, where x,(t) = Mt is linear, and y,(t) = (Mty)t—M (tf +
Zto) t2+ M (tf + to) t3 is a third-order polynomial. However, for specific desired paths, which we can
enclose mainly in circular paths and S-shape ones, the value of b needs to be further investigated to have the
best outcome from the generated Bezier path to fit with the desired functionality. The next section explains

how the value of b can be computed to have the Bezier path as close as possible to a circle with specific
given radius of rotation.

ye(t)

» xp(f)

(0' 0, BJ'Q)
<+

Figure 2. Plot of Bezier curve from combination of two third order Bezier equations
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2.3. Bezier curve presentation for circular path

According to the parametric third order polynomial in (4) and (5), the control points are deduced
from the geometry of Figure 3 similar to [24] as follows. The red points in the figure correspond to initial and
goal frames (boundary points (X,, ¥y) and (X3, ¥3)), while the green points correspond to the control points
(X1, Yy) and (X3, Y,). The blue star is the center of rotation of the circular arc.

X0=0 Xl
Y0=0 Yl

€R cos(6™) X, = M — €Rcos(8%) X;=M
€R sin(6") Y, = eRsin(67) ;=0

where (R) is the radius of the target circle that Bezier curve is intended to be as close as possible. The term
(e) presents the factor of the radius by which the tangential distance from the initial and goal positions are
considered to calculate the control points. The angle (6*) is both the initial and goal orientation angles in the
local coordinates according to the characteristics of a circular arc as shown (8, = —0, ;= 0%). Thus, the
target connection arc has net angle (26*). By substitution in (4) and (5), with the corresponding values of
control points, the following equations can be obtained.

xp(t) = 3eRcos(8*) (1 —t)*t+ 3(M — eRcos(6*))(1 —t) t* + M¢t?

¥p(t) = 3eRsin(8*) (1 —t)* t + 3eRsin(6*) (1 —t) t2

M = 2R sin(6%)

= x,(t) = 3eRcos(6%) [t — 2t% + t3] + 3(2Rsin(8*) — €R cos(6™))[ t* — t3] + 2R sin(0") t3

x,(t) = [3eRcos(8)] t + [6R sin(6*) — 9eR cos(6*)] t? + [6€R cos(8*) — 4R sin(6*)] t3 (16)
¥p(t) = 3eRsin(0%) [t —t?] 17)

Y S M »

Ve oV
eR R
4 s,
v L7 A 'xp
Twia

Figure 3. Circular Bezier derivation

In order to have the Bezier path as close as possible to the circular path, the middle point (at t = 0.5)
is selected so that the Bezier values are on the circular path. Such a simplified approach is very close to the
optimized approach derived in Appendix B. However, it is greatly more efficient for realization on embedded
targets with restricted resources and real time constraints than the optimized approach which needs numerical
integration computing as proved in the Appendix B to be performed every processing cycle.

3 9 6 6 4 M
x,(t =0.5) = [E ~2 + 5] € Rcos(8") + [Z — §] Rsin(6*) = Rsin(6*) = 2
Yp(t=05) = %ER sin(6*) = R — Rcos(8%)
4 [1 — cos(6%)

3 sin(6*)

As mentioned in the previous section, the control points (X;) and (X,) are assumed at (bM) and ((1 — b)M),
respectively. The term b, which is necessary to compute the location of the control points, can be computed
by substitution in (14) and (15) with (tf = —to) and (to = tan(6,,) = tan(@*)), then comparing against
(16) and (17), respectively. Same conclusion can be simply obtained by equating the two values of control
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point (X; = b M = € R cos(6%)).

€ Rcos(6") _ € _ 2[cos(8") — cos?(6")
M ~ 2tan(6*) 3 sin?(6*)

Since the angle (8%) is half the difference between the initial frame orientation angle (6,) and goal
frame orientation angle (6y) in the global coordinates (ego-vehicle coordinates to be introduced in the next
section), then calculation of (b) for circular Bezier can be simplified in the following two equations.

A = |67 — 6, (18)
6 6.
b= 2 [l 19)
3 sinz(T)

3. THE PROPOSED APPROACH FOR EGO-VEHICLE PREDICTED PATH GENERATION

This section details the generation of the circular predicted ego-vehicle path with Bezier curve based
on the derived in (18) and (19) to compute the control points. The predicted path is generated in the ego-
vehicle (global) coordinates (x,y) as shown in Figure 4. The coordinate (x) presents the longitudinal axis of
the ego-vehicle, while the coordinate (y) presents the lateral axis. Given a specific instantaneous radius of
rotation of the vehicle (R), a specific circular path can be defined with its center of rotation as the point of
intersection of the perpendicular lines to the four wheels directions (blue star in Figure 4).

A vr
27 x
— -
“aTe
R/ N
M .
-
Af
y L
< R

Figure 4. Circular predicted ego-vehicle path presented with Bezier curve

A goal frame position can be defined by the intersection of the circular path with horizontal line
parallel to the ego-vehicle lateral axis and located at a defined maximum distance from the ego-vehicle center
of the rear axle. Such maximum distance is defined as the range limit of ego-vehicle path prediction (X,,,45)-
The initial ego-vehicle frame is in blue in Figure 4, while the target circular Bezier path is in orange, and the
goal frame obtained from the intersection is in red. Also, in Figure 4, the local Bezier coordinates (x,, y,,) are
in green, while the global ego-vehicle coordinates (x,y) are in blue. The angle () is the rotation angle
between the two coordinates. The absolute orientation difference between the initial and goal frames is (Af)

as in [24]. According to the geometry of circular arc in Figure 4, it is clear that (a = AZ—Q).

It is worth mentioning that the instantaneous radius of rotation (R) provided by the ego-motion
calculations can be computed as the ratio between the ego-vehicle’s instantaneous speed (v) and yaw rate
(9). Such calculation could be more accurate at significant speed and yaw rate values (especially at high
speeds). At lower speeds where the yaw rate could be a bit noisy, it could be better to calculate the ego-
vehicle radius of rotation as the ratio between the wheelbase and the tangent of the front wheel angle
assuming the rear wheels are not steerable as revealed in the kinematics model in [25]. This calculation is
based on accurate estimation of the front wheel angle given the measured steering wheel angle.
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Based on the geometry in Figure 4 and the reached formulas in previous sections, the Bezier path
generation for circular prediction of ego-vehicle path in global coordinates (x,y) can be detailed as follows
given (X,,4y) and (R = v/G).

Xmax A6
A = sin‘l(T) M = 2R sin(T)
2 [cosED) - o) ty = ~tan(0)
3 sinz(AZ—H)
x,(t) = (3bM) t + 3M (1 — 3b) t* yp(t) = (3bMty) t(1—1t)
—2M(1—-3b) t3
A ~AB .Y A
x(t) = xp(t) 605(7) — ¥ (O Sm(7) y(©) = x,(t) Sm(7) + ¥ (0 COS(T)

Regardless of circular paths, the formula of third order parametric polynomial equations of the
Bezier curve in (14) and (15) is sufficient to generate reasonable paths connecting specific initial and goal
frames with (b = 1/3). This shall cover the basic third-order Clothoidal polynomials revealed in [8] and [9].
However, for S-shape paths with high steering at low-speed maneuvers (like in parking), it could be better to
set (b = 0.4) based on experimental trials, but this is not highly relevant to path prediction, which is needed
mostly at high speeds. It shall be noted that increasing the value of (b) (moving the control points to the
middle) leads to having the steering actions more at the middle of the path, while decreasing the value of (b)
(moving the control points to the boundaries) leads to have the steering more at the start and end of the path.

As the path prediction is based on the current instantaneous ego-vehicle motion state of speed and
yaw rate covering only circular maneuvers, then the proposed solution can be formulated in the following
Algorithm 1. The algorithm expects as input the instantaneous longitudinal speed and yaw rate of the ego-
vehicle, and provides as an output the generated predicted path presented with (x,y) points defined in the
local Cartesian coordinates of the ego-vehicle shown in Figure 4. The generated points presenting the
predicted path (x(t), y(t)) are function on the independent parameter (t), which varies from 0 to 1 with step
(At) defined according to the distance resolution for path generation (As). Such distance resolution and

range limit (X,,4,) shall be considered as input to the algorithm as well. A new parameter (Aymax) is added

presenting the maximum limit of lateral acceleration for a normal driving scenario with no significant lateral
slipping to limit the path prediction error that assumes pure circular motion. Finally, a curvature threshold
(Cp) shall be defined to differentiate between the straight and circular path generations, which could be an
input to the algorithm. If the current curvature is greater than the defined threshold then the maneuver is
circular, otherwise it is straight. It is clear from the algorithm formulated as follows that its complexity is

0(n), where (n) presents the number of waypoints forming the generated path (n = i + 1). Roughly, (Cir)

can be assumed as (1/[4 * X,,,4.]) so that the generated path is almost straight at such curvature threshold
and below.

Algorithm 1. Ego-vehicle predicted path generation

1: [x(t),y(t)] = Generate Path (v, 9, As, XmaX’Aymax’ Cm)
2: Ay =v 0
3: if (a,< 4, )
4: At = ASs/Xpax
5: C=0/v
6: if (ICl > Cin)
7: A8 = sin™ (Xpax X ©)
8: M =2sin(3)/C
9: b= 2 cos(%)—cos%%)
: 3 sinz(3%)
2
10: ty = —tan(%g)
11: for(t = 0: At: 1)
12: x,(t) = 3bM) t + 3M(1 — 3b) t* —2M(1 —3b) t3
13: ¥p(t) = (BbMty) t(1—1t)
0 Y
14: x(t) = x,(t) COS(A?) A () sm(A?)
15: y(@) = x,(t) sin(%g) + ¥, () cos(%g)
16: end for
17: else
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18: for(t =0: At: 1)
19: x(t) =t X Xpmax
20: y()=0

21: end for

22: end if

23: end if

4. SIMULATION RESULTS

This section presents simulation results plots of path prediction with Bezier curves versus Clothoidal
polynomial. It also presents the calculation of Bezier path collision points for AEB. Traces with different speeds
and steering maneuvers are recorded from real vehicle test, including provided signals of vehicle speed and yaw
rate. Such recorded traces of vehicle tests are mapped to test scenarios on CarMaker with the actual road
maneuvering mapped to CarMaker Simulation. For each scenario, the ego vehicle driven path is extracted from
CarMaker and plotted as a golden reference. The main idea from the CarMaker simulation is to build a reference
path according to the vehicle road designed for the maneuver simulating the input recorded real vehicle signals.
There shall be limitations in the mapping between the actual vehicle motion and the simulated one in CarMaker,
especially that we are considering only the vehicle kinematics of speed and yaw rate, not the full dynamics.
However, this limitation is acceptable for the normal driving testing scenarios under study with almost no side
slipping or any excessive dynamical actions (for example, lateral acceleration doesn't exceed 0.5 m/s?). As justified
at the beginning of section 2, the simulation testing is dedicated for circular paths prediction according to the input
instantaneous vehicle state of current maneuvering curvature.

4.1. Comparison plots of path prediction with Bezier curve versus Clothoidal polynomial against
CarMaker ground truth

Both the predicted path based on Bezier third order parametric polynomial in (14) and (15) and
Clothoidal third order polynomial equation (y =ax3+bx?+cx+d) (where the coefficients are
computed based on third order curve fitting to the reference path) are compared against the golden reference
of CarMaker driven road for certain basic circular and straight maneuvers test case scenarios. For every
scenario, the path points are plotted in 2D Cartesian coordinates in meters, the error at a certain point on a
given path is the Euclidean distance from it to its corresponding one in the reference golden path. Both the
average accumulated error against the reference and the final position error are calculated. The average
accumulated error is the average of errors at all the points along the path, while the final position error is only
the error at the final point.

Figures 5 to 9 reveal such comparisons and the accompanied errors mentioned in the title of each
figure, where the CarMaker golden reference path is in black, the Bezier path proposed is in red, and
Clothoidal curve fitting polynomial is in blue labeled in the titles as ‘Current Polynomial’. It is clear from the
difference in both the average accumulated and final position errors the significant enhancement in the
prediction accuracy, which can be expressed with the percentage decrease in the error. For test cases 1, 2, 3,
and 4 for different relaxed and sharp circular maneuvers, the accuracy was enhanced about 95% or more. For
test case 5 for a slightly straight maneuver, the accuracy enhanced about 50%.

Average Error of Current Polynomial vs CarMaker = 13.5207 m Average Error of Current Polynomial vs CarMaker = 5.8418 m
Average Error of Proposed Bezier vs CarMaker = 0.20038 m Average Error of Proposed Bezier vs CarMaker = 0.27639 m
Final Error of Current Polynomial vs CarMaker = 66.6379 m Final Error of Current Polynomial vs CarMaker = 28.6654 m

Final Error of Proposed Bezier vs CaVrVMVarker =0.33045 m

Final Efror of Prqposed Bo;ier vs Cngaker = 0&}574 m

-10 |

-20

90

Figure 5. Comparison plot for test case 1 Figure 6. Comparison plot for test case 2
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Average Error of Current Polynomial vs CarMaker = 4.3514 m
Average Error of Proposed Bezier vs CarMaker = 0.18347 m
Final Error of Current Polynomial vs CarMaker = 22.2481 m

Average Error of Current Polynomial vs CarMaker = 13.9404 m
Average Error of Proposed Bezier vs CarMaker = 0.16324 m
Final Error of Current Polynomial vs CarMaker = 31.3689 m

Final Error of Proposed Bezier vs CarMaker = 0.33179 m

Final Error of Proposed Bezier vs CarMaker = 0.2766 m

50 }
50 ¢ 1
\ 45|
40+ w0l
30| 35t
30}
20
25|
10} 1 20}
15+
ot
10
-10 5 A
45 50 55 60 65 70 75 80 85 76 78 80 82 84 86 88 % 92

Figure 7. Comparison plot for test case 3 Figure 8. Comparison plot for test case 4

Average Error of Current Polynomial vs CarMaker = 0.24184 m
Average Error of Proposed Bezier vs CarMaker = 0.15902 m
Final Error of Current Polynomial vs CarMaker = 0.1721 m
Final Error of Proposed Bezier vs CarMaker = 0.13156 m

115

110

105

580 590 600 610 620 630 640

Figure 9. Comparison plot for test case 5

Table 1 lists the results for more testing scenarios of basic straight and circular maneuvers. Both the
average accumulated error (AE) and final error (FE) in meters are declared for every scenario. The declared
errors are for both the proposed Bezier and the Clotholidal curve fitting polynomial.

Table 1. Results for more testing scenarios

Test Case Type Bezier Clothoidal
6 Circular AE =0.20829 AE =10.646
FE=0.35567 FE=50.297
7 Circular AE =0.17798 AE = 6.682
FE=0.27376 FE=21.8966
8 Circular AE =0.18303 AE =6.2132
FE=0.31304 FE=26.0942
9 Circular AE =0.23098 AE =2.8793
FE=0.27038 FE=10.5197
10 Circular AE =0.20197 AE =5.2157
FE=0.26577 FE=19.4045
11 Circular AE =0.18343 AE =10.7426
FE=0.28041 FE=27.5829
12 Straight AE =0.08334 AE =0.080107
FE=0.12246 FE=0.12218
13 Straight AE =0.097854 AE =0.099234
FE =0.17988 FE=0.17939

4.2. Calculation of Bezier path collision points for AEB
For AEB, it is not only required to generate the ego-vehicle predicted path but also to compute the
position of collision with specific tracked object. Moreover, it could also be required to determine the exact
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location of the collision at the front bumper of the ego-vehicle. In such a situation, the Bezier curve for path
prediction can be generated at the center of the front bumper. For circular paths, the radius of rotation needed
for Bezier calculation should be computed at the center of front bumper. It shall be based on the ego-vehicle’s
instantaneous speed (v) and yaw rate (9), which are estimated and measured at the center of the front
bumper. In addition, the orientation of the vehicle at initial and goal frames (6,,.6, f) should be the direction

of motion at the center of front bumper as well, which shall be the same as the ego-vehicle heading angle.

As shown in Figure 10, the corresponding paths at the right and left corners of the front bumper in
such a case can be easily computed as parallel to the generated Bezier path at the center of front bumper in
the local Bezier coordinates. The green and blue paths, which are parallel to the red, present the generated
paths at the right and left corners of the front bumper, respectively. Assuming (w) is the width of the vehicle,
the parallel paths can be computed as follows.

Yog® = Hp@® =5 c05(6,) %, () = x,(0) +5sin6y,)
1, () =3 () +5 c0s(0r) %, () = () =5 sin(By,)

In order to compute the ego-vehicle location at collision and point of collision, the estimated path of
the tracked object is transferred to the ego-vehicle local Bezier coordinates. For example, if the estimated
path of an object is a straight line, then its transformation to the Bezier coordinates of the ego-vehicle is also
a line. Similarly, if the tracking system can accurately estimate the target paths to be presented as third-order
parametric polynomials (like the Bezier curve proposed to present the ego-vehicle path), then its
transformation to the Bezier coordinates of ego-vehicle is also third-order parametric polynomials. Thus, the
points of intersection of the transformed path with each of the three Bezier paths (the original path at the
center and its parallel ones at right and left) are computed by solving third order polynomial equation as
detailed in Appendix C. Figures 11-14 show samples of collision points calculation at the three Bezier curves
(presenting the generated paths at center, right corner, and left corner of the front bumper) for different
scenarios of tracked objects with straight predicted motion, with different angles of intersection, and at
different distances. The X-Axis presents the Longitudinal Axis of the ego-vehicle, the Y-Axis presents the
Lateral Axis of the ego-vehicle, and the origin point is the center of the ego-vehicle front bumper.

Ye(t)

> xp(t)

Ego-vehicle Lateral axis
Ego-vehicle Lateral axis

25 25 N . " n L " " n
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

Ego-vehicle Longitudinal axis Ego-vehicle Longitudinal axis

Figure 11. Collision points calculation for use case 1 ~ Figure 12. Collision points calculation for use case 2
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Ego-vehicle Lateral axis

Ego-vehicle Lateral axis

-25 -25
0 5 10 15 20 25 30 35 40 45 0 5 10

15 20 25 30 35 40 45
Ego-vehicle Longitudinal axis Ego-vehicle Longitudinal axis

Figure 13. Collision points calculation for use case 3 ~ Figure 14. Collision points calculation for use case 4

5.  CONCLUSION AND FUTURE WORK

This paper introduced a new approach for ego-vehicle path prediction framework based on two
Cartesian third-order polynomial Bezier curves. Such approach is efficient, as it can accurately present the
estimated ego-vehicle path based on its instantaneous kinematics with cheap calculations. Moreover, it is
robust, as it is capable of covering the different driving maneuvers related to the different end-user
functionalities. The performance of the proposed approach is tested on several scenarios in CarMaker against
ground truth simulated roads to reflect its accuracy. It is compared against the basic third-order Clothoid-
polynomials used regularly in path prediction on highways showing great enhancement in path accuracy that
reaches more than 95% in some scenarios. The complete solution for collision estimation serving AEB is
highlighted based on the proposed ego-vehicle path prediction.

The proposed approach is realized for the collision estimation in AEB and can be extended for other
functionalities like the target selection in ACC and lateral control in LKA. More complicated scenarios for
collision estimation can be revealed in the future where several tracked objects can be assumed with more
complicated predicted paths for them based on parametric third-order polynomials. However, it shall be
solved using the same third order solver presented in Appendix C. Moreover, more complex maneuvers like
S-shapes shall be tackled with the proposed third-order Bezier polynomials for path planning rather than path
prediction to include more functionalities like LCA. The proposed method demonstrates clear advantages in
accuracy and computational efficiency when compared to traditional Clothoidal models. However, future
work will focus on extending the evaluation to include additional benchmark methods such as B-spline
interpolation, optimization-based trajectory prediction (e.g., MPC), and learning-based approaches like
LSTM or Transformer models. Such comparative studies will provide a more comprehensive understanding
of the strengths and limitations of the dual Bezier formulation in a variety of realistic and high-dynamic
driving scenarios, including real vehicle dynamics and uncertainties modelling.
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APPENDIX A. LIST OF SYMBOLS

Table A.1. List of symbols

Parameter Definition
R, Initial value of Bezier curve r(t) @ t = 0
Ry First control point of Bezier curve 7(t) @ t = i
R, =1r(t=0) +—r(t 3 )
R, Second control point of Bezier curve r(t) @ t = g
R,=r(t=1 ——T(t; D)
R Final value of Bezier curve r(t) @ t = 1
%, (1) Third order polynomial Bezier curve function on t, presenting the value in x-axis of local Bezier coordinates
¥, (1) Third order polynomial Bezier curve function on t, presenting the value in y-axis of local Bezier coordinates
y.(£) Circular arc function on t, presenting the value in y-axis of local Bezier coordinates
X, Initial value of Bezier curve x,,(t) @ t = 0
X5 Final value of Bezier curve x,,(t) @t = 1
Y, Initial value of Bezier curve y,(t) @t = 0
Yy Final value of Bezier curve y,(t) @t = 1
M The final value of xp(t) in local Bezier coordinates; it is the Euclidean distance between the initial and goal frames
X, () The first derivative of x,,(t) with respect to t
P, (t) The first derivative of y, (t) with respect to t
0, The orientation of the vehicle in the local Bezier Coordinates (x,,, y,,)
Oy Initial value of 6, att = 0
G,f Final value of 6, att = 1
to tan(6,,)
ty tan(6, f)
[’ Both the initial and goal orientation angles in the local coordinates for a circular arc (6,, = —Brf =6").
6.(t) Orientation angle of the tangent to the circular arc in the local Bezier coordinates as a function on t.
a Rotation angle between the local Bezier coordinates (x,,y,) and the global ego-vehicle coordinates (x, y)
6, Initial orientation of the ego-vehicle in the global ego-vehicle coordinates (x,y), 8, = 6., + «
0 Final orientation of the ego-vehicle in the global ego-vehicle coordinates (x,y), 6; = 6, st a
48 |9f - 90|
b Location of the control points of x,, (t) with respect to the boundaries, the values of X; and X, are b M and
(1 — b) M, respectively
€ The factor of the radius by which the tangential distance from the initial and goal positions are considered to calculate
the control points for circular Bezier
R Radius of Rotation of the intended Circular Path
Xomax Range limit of ego-vehicle path prediction in its longitudinal axis
x(t) Generated Bezier path in the global coordinates, in the longitudinal axis of the ego-vehicle
y(t) Generated Bezier path in the global coordinates, in the lateral axis of the ego-vehicle
y=ax}*+bx*+cx+d Third order polynomial path obtained from curve fitting with the golden reference path
w Width of Ego-Vehicle
pr(t) Third order polynomial Bezier curve function with respect to t, presenting the value in x-axis of local Bezier
coordinates for right corner of front bumper
pr(t) Third order polynomial Bezier curve function with respect to t, presenting the value in y-axis of local Bezier
coordinates for right corner of front bumper
xpL(t) Third order polynomial Bezier curve function with respect to t, presenting the value in x-axis of local Bezier
coordinates for left corner of front bumper
pr(t) Third order polynomial Bezier curve function with respect to t, presenting the value in y-axis of local Bezier
coordinates for left corner of front bumper
Ay The maximum limit of lateral acceleration for a normal driving scenario

APPENDIX B. OPTIMIZED APPROACH TO PRESENT CIRCULAR PATH WITH BEZIER ONE
In order to evaluate how closely a Bezier curve can approximate a truly circular arc, we define both
the Bezier path and the ideal circular path mathematically as follows:

¥p(t) = 3€Rsin(0)[t — t?] (B.1)
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Ye(t) = R[cos(.(t)) — cos(67)] (B.2)

As shown in Figure B.1, (B.1) represents Bezier path while (B.2) represents Circular one.

sin(0.(6)) = 2 (0.5 - £), cos (8,(£)) = VL0 (B.3)
[R?- G2
sin(9) = ==, cos(8") = *+— (B.4)
¥, () = geMt(1 —t) (B.5)
So,
V() = JAZ+ M2t(1—t) — A (B.6)

2
2 _ (MY _
where _[R (2) =A
By considering only half of the path from t = 0 to t = 0.5 due to symmetry,
. _ 05 29, (05 05, 05
Diff(e) = [, ve@® — yp(O1dt = [y 2(®)dt + [ »*@©)dt =2 [ y()y, (t)dt (B.7)
By substituting by (B.5) and (B.6) in (B.7),
Iy w2 (tydt = = m?e? (B.8)

23" v ()yp ()dt = 3M[B — ]e (B.9)

where [° t(1 — t)\/AZ + M2t(1—t) = B

dDiff(&) _ 3 pr2. _ 3py [B _i] =0 (B.10)
de 40 12
2
dD‘—ff(e) =2 M? >0 - Local Minimum (B.11)
de 40
40 A
.= ﬁ[ 4 (B.12)

Approximate approach:

— 4= cos(&*)} 4 R-\IRZ B.13)
€1 3 sin(@ 1~ ( :
Optimized approach:
€= L—O[foo'st(l - t)JR2 - (%)2 + M2t(1 — t)dt —RZI—Z(Z)] (B.14)

The form obtained in (B.13) used in (19) is an approximate presentation of (B.14). To illustrate the
negligible difference between the Approximate and Optimized approaches, consider the following common
numerical example:

For M = 2m, R = 4m; the resulting terms are €; = 0.16935, and €, = 0.16974. Hence, €; = €,
with a difference of less than 0.0004.

This example demonstrates that the curvature error introduced by using the midpoint approximation
is negligible. Therefore, solving the problem analytically with a circular path assumption (as discussed in
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section 4.1) offers a sufficiently accurate and far simpler approach highly relevant for embedded targets
constraints rather than the complex optimized complex one and its needed numerical integration every cycle.

-« M >
M2
<€ M2 »< >
o
o i A -
——— f e
< Fl0 ()
X o+ | h 2=y
A (1)
ri? JT(}_) 4) o
| 4
|
» “R 4
Pl i
o,
ar g
P
ﬂ’ v

Figure B.1. Closest Bezier path to circular one

APPENDIX C. SOLVING THE THIRD-ORDER EQUATION

x3+ax?*+bx+c=0 (C.1)
Step 1:
a2
p=b-% (C2)
2a®  ab
q =5, " +c (C.3)
¢
A= " +27 (C4)
Step 2:

Case I: (A> 0) only one real solution

x=(—§+\/Z)§+(—ﬂ—«/Z)§—§ (C.5)

2

Case II: (A= 0) repeated roots

=22 -2 <o
1
Xy = Xg = (3)3 —% (C.7)
Case III: (A< 0) three real solutions
=2 Toin(tein-t (382 \)_¢a
Xy = z4/—psin (3 sin (z(ﬁﬁ)) . (C.8)
— 2 Tpsin(tsin-t (234) L) _¢
Xy = =5/ ~psin (3 sin (z(ﬁ)3) 3) . (C.9)
N 11 (_3V3¢ Ty_2
X3 = J=/—pCOS (3 sin (2(\/—_17)3) + 6) 3 (C.10)

Robust efficient ego-vehicle path prediction based on Bezier curves for ... (Hanan H. Hussein)
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