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The paper presents a modified Denavit-Hartenberg coordinate system
resulted from joint application of graph theory and the Denavit-Hartenberg
coordinate system, which was developed to describe the kinematics of robot
actuators with a linear open kinematic chain. It allows forming mathematical
models of actuating mechanisms for the robots with tree-like kinematic
structures. The work introduces the concept of primary and auxiliary
coordinate systems. It considers an example of making the links’ reachability
matrix and reachability graph for the tree-like actuating mechanism of a
robotic mannequin. The use efficiency of the proposed modified Denavit-
Hartenberg coordinate system is illustrated by the examples giving the
mathematical description of the kinematics and dynamics of specific robots’
tree-like actuating mechanisms discussed in the previously published papers.
It is shown that the proposed coordinate system can also be successfully
applied to describe the actuating mechanisms of robots with a linear open

kinematic chain, which is a particular case of the tree-like kinematic
structure. The absence of branching joints in it does not require introducing
auxiliary coordinate systems and the parameters f(i) and ns(i) are necessary
only for the formal notation of equations, which have similar forms for the
tree-like and linear chains. In this case, the modified and traditional
coordinate systems coincide.

Robot dynamics
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1. INTRODUCTION

The methods of mathematical description of the robots’ actuator kinematics and dynamics are
extensively described in literature [1-6]. The authors consider an actuating mechanism (AM) as a linear open
kinematic chain; that is typical for industrial robots and special-purpose handling equipment. There are two
most widely used methods to describe the kinematics and dynamics of such robots’ AMs.

The first method is based on the use of block matrices [7, 8]. It allows obtaining kinematics
equations in both analytic and algorithmic forms. To use this method in practice, the authors developed
software that allows exploring and designing robotic actuating systems, including those with flexible links.
The work of A. G. Leskov et al. [9] has an example of using this method to build a model of the actuator
kinematics in an industrial robot with a branching kinematic structure (KS) of gripping.

The second method to describe the robotic actuator kinematics was offered by J. Denavit and R. S.
Hartenberg [10]. It is based on using homogeneous transformation matrices (4x4) giving unambiguous and
clear rules for making a robot’s actuator mathematical model. The number of parameters in the matrix A; of
the actuator serial links’ relative position is minimal and naturally defines the mutual arrangement of actuator
serial links. The form of the matrix A; is similar for both rotational and translational joints.
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The significant advantage of this method developed to construct related coordinate systems (CS) is
that you may specify only four parameters determining the relative position of two serial CSs i-1 and i and, as
a consequence, the transformation matrix A;.

The resulting matrix A; joining the CSs i-1 and i has the following form [10]:

cos(0;) —cos(a;) -sin(0;) sin(o;) -sin(0;) a; - cos(0;)

A = sin(8;) cos(a;) - cos(0;) —sin(o;) - cos(0;) a;-sin(0;) )
! 0 sin(o;) cos(a;) d;
0 0 0 1

Out of the four parameters (0;, d;, a;, o;) from expression (1), the two parameters a; and a; are
always constant and determined by the robot’s actuating mechanism design. One of the other two parameters
(0; or d;) is variable. For a rotational joint, the value 6; specifies the angle of relative rotation of the links i-1
and |, the linear value d; is constant. For a telescopic joint it is vice versa, the variable value is d;. The
variable value of the i-th joint (8; or d;) is commonly referred to as the generalized coordinate of the robot’s
actuating mechanism.

In building robotic kinematic models, this method is most prevalent among developers due to its
clarity and reference to actuators’ design parameters.

However, the attempts of using this method of describing the robots with a tree-like KS revealed
certain difficulties in its application.

2. APPLICABILITY

During the process of creating walking robots (WR) extensively elaborated lately, the developers
came across a problem - how to mathematically describe the kinematics and dynamics of their actuating
mechanisms, which are spatial tree-like kinematic structures with a large number of freedom motion degrees.
Well-known methods providing good results in the description of robots” AMs with linear open kinematic
chains are not always acceptable to describe the AMs with tree-like kinematic chains.

It is also important that the mathematical models of actuator kinematics obtained by these methods
are to be used in constructing dynamical equations and algorithms for robot motion control.

Therefore, the development of new effective methods to construct the mathematical models of
robotic tree-like actuator kinematics and dynamics is an important scientific and technical challenge.

3. RESEARCH METHOD

The authors suggest a method of building a modified Denavit-Hartenberg (DH) coordinate system; it
allows forming mathematical models for the actuators of robots with arbitrary tree-like KSes. This method is
based on joint application of the graph theory [11] and DH coordinate system proposed by Denavit and
Hartenberg [10] to describe the kinematics of robots with linear open kinematic chain. This saves the known
benefits of the DH CS and gives a possibility to describe the kinematics of the arbitrary tree-like KS using
the graph theory methods.

4. RESULTS AND ANALYSIS

Let us consider a kinematics scheme of a robot’s actuating mechanism (Fig. 1) in a tree-like directed
graph (Fig. 2) [11]. In this graph, the actuating links are vertices and the connecting joints are edges [12]. Let
us assume that the tree root (the link number 0) is the robot's surrounding space. The robotic actuating links
start from number 1; then their numbers increase from the root of the tree to its leaves without gaps. There
must be a condition that the link’s own number is smaller than the number of its any link-successor. The
number of the AM’s generalized coordinate (as well as the number of the corresponding joint) is the same as
the number of the link connected by this joint to the previous link. For walking robots, the body of which is
not attached to a fixed base, the total number of its freedom degrees is equal to N+6, where N is the number
of motion freedom degrees for its actuating mechanisms. To “bind” the WR’s AMs to an absolute CS and
describe its motion in space, we introduce a dummy Kinematic chain that connects the robot’s body with a
stationary (in the absolute CS) dummy stand. This dummy chain consists of weightless links (0+5), (three
translational and three rotational kinematic pairs, 5th grade) and characterizes the position and orientation of
the robot’s body in the absolute CS.

Such a description of the robot’s tree-like actuating mechanism kinematic scheme presumes
different variants of the links’ numbering. The quantity of numbering variants depends on the tree-like
kinematic structure’s complexity. Here, every numbering variant corresponds to its own directed graph, its
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reachability matrix and its own block vector Z determining the sequence of basis vectors of the axes z, which
match the joints connecting the actuating links with their ancestor links.

A developer is given the right to choose a specific numbering variant based on his priorities.
However, we must remember that all numbering options are equivalent and lead to the desired result.

Figure 1. Kinematic scheme of a robotic mannequin’s actuating mechanism with dummy links

Link &
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Link 17 Link 20
Link 7
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Link 8 Link 7
Link 9 Link 3
Link 10 Link &
Link 11 Link 5

Figure 2. Tree-like graph representing the kinematic structure of a robotic mannequin’s actuating mechanism
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In the mathematical description of the kinematic structure of robotic AMs represented in the form of
tree-like directed graphs, we use the following definitions [12]:
L={1,2...,N} — the irregular set, the elements of which are the numbers of AM’s links;
f(i) — the number of ancestor of the link i;
s(i,k) — the number of the link - k-th successor of the link i;
dg” (i) — the outdegree of the link i; it determines the number of successors of the link i;
() — the sequence of links’ numbers, which are the successors of the link i; T'(i)={(s(i,1),
5(i,2),...s(i,k),...s(i, dg (i) };
ns(i) determines the order number of the successor link i relatively its ancestor;
o; = {0, 1} — the coefficient to define the joint type of the link i (1 — rotational, 0 — translational);
o; = diag{o,, 0, ...oy} — the diagonal matrix defining the  joint types of the tree-like AM’ links.

Let us consider the procedure on setting the coordinate systems related to the tree-like AM’s links
[13, 14]. Every AM’s link is connected with the quantity of coordinate systems equal to the quantity of its
successors. One CS connected with the link is regarded as primary, other CSes are auxiliary. Fig. 3 shows
three sample coordinate systems connected with the link i, which has three successors. All CSes are assigned
in accordance with Denavit-Hartenberg [10] rules.

cs flilnsl)
Link fli) iz

Figure 3. Designation of coordinate systems connected with a branching link

The transition of the link i from the primary CS to the corresponding CS of its ancestor link f(i) is
defined by the transformation matrix A;:

f@Dns@ R; f@Dms(@) l_l . )

o 0 0 1

The transitions of the link i from auxiliary CSes to the primary CS is determined by the constant
matrices of homogeneous transformations M; ns;), Where j is the number of the i-link’s successors:

i i
L Ry ins(j) Tins(j) 3)
ins(j)= .

) 0 0 1 1

The expressions (2) and (3) allow writing recurrent relations to determine the matrix T, which
specifies the transition from primary links’ CSes to the absolute CS.

Ti= T MinsyAi-
The matrix M; ;) is always constant and performs a supporting function during the transition from

the successor’s primary CS to the ancestor’s primary CS. In case j€I'; and it corresponds to the primary CS
of the link i, then M; ns(;)=E.
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Coordinate system sequence order in the tree-like kinematic structure of robots’ AMs is set with the
help of the block vector Z. It defines the sequence of the basis vectors of the axes z, which correspond to the
joints connecting the actuating links with their ancestors. For the actuating mechanism, the kinematic scheme
of which is presented in Fig. 1, the block vector Z has the following form:

0

> 0, 0 0 ) 0 0, 0, 0 0 0
Z=( 21, 22y Z3) Zas Zsy Zeas Z710 Z8 Zoy Zior Z11» Z7.2 (4)

T
0 0 0 0 0 0 0 0 0 0 0 0
212, Z13» Z14» Z150 Ze2» “Z16v Z170 Z18y Z630 Z19r 2200 221)

The first element (it corresponds to the first link) is z; in the absolute CS. The second element is the
basis vector of the first link’s axis z. For instance, for Link 19, there is the basis vector of the axis z of the
sixth link’s auxiliary CS. The axes of the links-leaves' coordinate systems are not included into this block
vector.

It should be noted that in the considered example, the Z block vector’s dimension is (24x24), and the
7 block vector’s dimension is (21x21) — due to the fact that the elements °zg,, °zg5, °z,, of the vector Z
are not the AM’s kinematic pair axes but are related with the robot’s auxiliary coordinate systems
determining their position and orientation in the main coordinate system. For a linear open kinematic chain,
the dimensions of the vectors Z and z coincide.

For the mathematical description of the AM’s tree-like kinematic structure, it is necessary to
determine the links’ order relative to each other. It is found by the reachability matrix D — the square matrix,
every element of which d;; = 1 if the i-th vertex of the directed graph describing the AM’s kinematic
structure is reachable from the vertex j and d;; = 0 if the i-th vertex is not reachable from the vertex j.

Upon numbering the robot’s actuating links in accordance with the above rules, the reachability
matrix D turns out to be a lower triangular matrix, its dimension is equal to the actuating links’ number.
Therefore, both the tree-like graph representing the robot’s tree-like kinematic structure and the reachability
matrix D reflect the relative position and reachability of the actuating mechanism’s links.

Thus, the proposed method of constructing a modified DH coordinate system allows defining the
values of the tree-like actuating mechanism’s primary and auxiliary coordinate systems. Tables 1 and 2 give
the modified DH parameters’ values for primary and auxiliary coordinate systems of the robotic actuating
mechanism, the kinematic scheme of which is presented in Figure 1 [11].

Table 1. Modified DH parameters’ values for primary coordinate systems of a robotic actuating mechanism

CS No. 0, rad d,m a,m a, rad f(i) ns(i)
1 -7/2 0 0 -7/2 0 1
2 -/2 0 0 -/2 1 1
3 -/2 0 0 -/2 2 1
4 /2 0 0 /2 3 1
5 /2 0 0 /2 4 1
6 0 -0.349 0 -7/2 5 1
7 /2 -0.1 0.17 /2 6 1
8 0 0 0 -7/2 7 1
9 0 0 04 0 8 1
10 0 0 0.42726 0 9 1
11 0 0 0.051 0 10 1
12 -/2 0 0 -/2 7 2
13 0 0 04 0 12 1
14 0 0 0.42726 0 13 1
15 0 0 0.051 0 14 1
16 m 0.2 0 /2 6 2
17 T 0 0.262 -7t/2 16 1
18 0 0 0.444 0 17 1
19 i3 0.2 0 -7/2 6 3
20 T 0 0.262 -7t/2 19 1
21 0 0 0.444 0 20 1

Table 2. Modified DH parameters’ values for auxiliary coordinate systems of a robotic actuating mechanism

CS No. 0, rad d, m a,m a, rad f(i) ns(i)
6.2 /2 0 -0.349 n 6 2
6.3 /2 0 -0.349 0 6 3
7.2 /2 0 0.2 0 7 2
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By the tree-like graph (Fig. 2) presenting the robotic kinematic structure, we define the reachability
matrix D(21x21) of the robot’s actuating links. Its elements’ numerical values can be found in Table 3.

able 3. Numerical values of the matrix D elements
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D(21x21)
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O OO0OR PR OO O0ODODO0OO0O0OO0O OOoOoo oo o
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The first six columns of the matrix D(21x21) correspond to the links of the dummy kinematic chain
connecting the robot’s body with a dummy stand stationary in the absolute system. The 1-value elements of
the first six columns indicate that from these links are reachable all the other links of the robot’s kinematic
chain. The seventh column of the matrix D(21x21) corresponds to Link 7, from which the links 8+15 are
reachable. The eighth corresponds to Link 8, from which only the links 9+11 are reachable. Link 11 (the 11"
column) is reachable only from itself, etc.

Thus, if we complement the traditional DH parameters 8;, d;, a;, «; with the parameters f(i), ns(i),
as well as the block vector z, the diagonal matrix o and the reachability matrix D characterizing the specific
CS’s features, it is possible to formalize the kinematic equations for the actuating mechanism of a robot with
an arbitrary tree-like kinematic chain.

Using the above-proposed method of describing the kinematics of a tree-like robot’s AM with the
help of the modified DH coordinate system, we write kinematic dependencies for all AM’s links in a block
matrix form [13, 14]. The values’ symbols used in the below expressions (5)+(14) correspond to those in
Kovalchuk et al. [14]. The expressions to define the links’ angular velocities °W and angular accelerations
% can be formed as follows:

‘W= (D- °2% 0)q; ®)
% =(D- 2% 0-§+D-c-q%- °2). (6)

Let us write the expressions defining the velocities °V and accelerations °V of the links’ primary
CS origins:

OV:(AT( OlD) OZd_0.+D_ Ozd_(E_O-))q; (7)
°V=(AT(01D) 924.64+D- Ozd-(E—c))éi+ (8)
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+(AT( “p) °2¢ -0+ AT(°lp) “z% -0+ D 2% (E - 0))q'

The AM links’ center of mass acceleration can be determined with the following expression:

%, = (D" °z%-(E —0) + AT(°Csp) °z% - 0)ij +
+AT(°Crp)AT(°2z%-6-G*)(D —E) °z%-0-q +
+AT(AT( OCfD) G- qu_ 0,d 4 p +AT( onD)_ )
“(D-E)-0-°2%-¢%)) 2% -6-q +
+2-D-AT(°2%)-(E—-0)-¢*(D—E) 2% 6-q.

Each expression (5-+9) contains the above defined reachability matrix D, block vector z (it describes
the sequence of the basis vectors of the links-related coordinate systems’ z) and diagonal matrix o (it
determines the joints’ types for AM links — translational or rotational). The superscript “0” indicates that all
the obtained expressions (5+9) are written in the reference CS “0”.

The above-proposed method also allows writing dynamic relations for all robotic actuating links in a
block-matrix form. The diagram showing the application of forces and moments existing between the tree-
like AM’s links is represented in Figure 4.

Figure 4. Forces and moments existing between the robotic tree-like actuating mechanism’s links

We can write the expressions describing dynamic relations if the following conditions are true [13,

14]:

e the forces and moments existing between the robot’s AM links are to be considered through
the forces and moments affecting the link from its ancestor’s side;

e the forces acting on the links from their ancestors, as well as the link-affecting external forces
are brought to the origins of the coordinate systems of the ancestors corresponding to these
links;

e the moments acting on the links include the moments obtained after bringing these forces to
the origins of corresponding coordinate systems.
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Then the block-matrix expressions defining the forces % and the moments °n existing between the
AM’s links can be written as follows:

0f=DT'md'0a-DT'0ﬁ3; (10)

0n=—[AT( OCfD)]T_md_ 0a+DT' Ojcd Oe+DT'A( Owd). Ojg

1
W — (DT - E)-A(°s?) DT °f, = DT+ °n, — DT - A(°t?) - °f; )

The expressions for determining the forces and moments developed by robotic actuators can be
obtained by projecting the above-defined forces °f and moments °n of the links’ interaction onto the axes z of
the coordinate systems, which correspond to the joints connecting these links with their ancestors.

TZG'(OZd)T'[_(A(OCfD))T.md' 02 + DT - o]g 0p 4+
+DT -A( OWd). ojg. oy — ((DT —E) -A( °sd)-DT n (12)
+DT. A( Otd)' Oﬁa_DT' OnB]+
+(E_G).(Ozd)T_(DT,md, Oa—DT- Ofs)-

If we describe, for the links’ forces in the expression (12), velocities and accelerations through the
generalized coordinates g and their derivatives and group the summands at absolute velocities and
accelerations, we get the following dynamic equation for the actuating mechanism of a robot with the tree-
like kinematic structure:

A@-G+B(@)-C@) fhi—H@" “ny =1, (13)
where:
Al@ =0 0z”l)T (= (A( OCfD))T -m®-(D- 2% (E—0) + AT(°Csp) -
. OZd'G)-l-DT' Ojg'D' 0,d.
-0)+(E—0)-(°zd)T-DT-md-(D- 024 - (E —0) + AT( °Csp) - °z% - 0);
B(q,q) =o-(°z%)" - {— (a( OCfD))T cmd - [AT(°Cpp) - AT(°z% 5+ %) - (D — E) +
+AT (AT(°Crp) -0+ %+ 2% D+ AT(°Cpp) - (0 —E) -0+ °2¢-4)") +
+2-D-AT(°2%-(E—0)-¢4) - (D—E)+D"- %¢-D-c-¢% A"~ (°2%)-(D—E)+
+DT-A(D - °z%-6-¢)"- ¢ D} 2% -0 g+ (E-o0)-
. ( OZd)T DT -m¢ - [AT( onD) _AT( 0,d . . qd) ]
“(D—E)+2-D-A"(°2%-(E-0)-¢%)-(D—E)+
+AT(AT(°Csp) -0+ g% °2z%-D +
+AT(AT(°Csp) -0+ g% 2% - D + AT(°Cpp) -
'((D—E)'O" OZd.q)d)]O. OZd'G'q;
C(g)=0-(z%)" - (0T = E)- A(°s®) - DT + DT - A( °t%)) +
+(E-0)-( Ozd)T -DT;
H(@) =o-(°z%)" - DT;
Oﬁ = ( Oﬁl’ Of_gz' Of@N)T u Oﬁs = ( 07_161’ 07_162’ 07—1«1\/)
The block matrices of external forces and moments acting on the robotic tree-like actuating

mechanism’s links.
This equation is valid under the following assumptions:

e the actuating mechanism’s links absolutely rigid,;
e the joints’ connections are holonomic;
e the kinematic chains of the tree-like kinematic structure are open.
The resulting equation (13) based on the modified DH coordinate system is universal (under the
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indicated assumptions) for a whole class of actuating mechanisms of the robots with tree-like kinematic
structures defining by reachability matrices D, block vectors z and diagonal matrices o.

5. DISCUSSION

A. K. Kovalchuk [15] presents the results of studying the kinematics and dynamics of a robotic
dog’s tree-like actuating mechanism. For the AM with 22 degrees of motion freedom, the author obtained the
numerical values of the modified DH parameters, the reachability matrix D, the block vector Z and the
diagonal matrix c. Based on the equation (13) and using a specially developed MATLAB software [16], there
are defined moment and capacity values in the freedom degrees of the robot dog.

The work of A. K. Kovalchuk [17] is devoted to KS synthesis and studying the dynamic of a robotic
crab tree-like actuating mechanism with 62 degrees of motion freedom. The modified DH coordinate system
can be applied in building a mathematical model of its actuating mechanism’s kinematics and dynamics. The
developed 3-D model of a robotic crab AM helped to find the mass and inertia characteristics of its
construction elements. By means of the software of Kovalchuk et al. [16], the author obtained the numeric
values of the matrices’ elements included into the equation (13), as well as the values of moments and
capacities in the freedom degrees of the robotic crab.

A. K. Kovalchuk [18] considers the example of using the modified DH CS in forming the
mathematical model of a tree-like AM’s kinematics and dynamics for an anthropomorphic robot having 114
degrees of motion. For the equation (13), scientists received the values of the elements of its constituent
matrices A(q),B(q,q), C(q), H(q) and calculated, with the help of the software (Kovalchuk et al., 2012),
the moment and capacity values in the motion freedom degrees of the robot’s AM. The obtained results are
recommended for use in creating modern pieces of anthropomorphic walking robots.

In the works of Kovalchuk [19, 20], it is shown that the modified DH CS is an effective means to
form mathematical models of a robotic AM with a linear open kinematic chain, which is a particular case of a
tree-like KC.

In this case, the kinematic scheme may be represented as an oriented graph that has no cycles. The
graph’s vertices are connected in series, because each of them has no more than two adjacent vertices.

The reachability matrix D of the robot’s AM links is the degenerated into a lower triangular unit
matrix of the order N, where N is the number of freedom degrees for the robot’s AM.

If the gripping manipulator or any other AM’s link is imposed with external connections, the AM
dynamic equation is written in the following form [14]:

(ﬁfﬁ —ISS(q))_<OZf) +(Blgc(1&c)'z)>_<L(q)o. 0;«;) =(5). (14)

The matrix coefficients A(q), B(q,q), J:(q), Jiz(q), °R, P(q), L(q), °F, are determined in
accordance with [14].

The equation (14) can determine the motion of the robotic actuating mechanism with an arbitrary
tree-like KS with imposed drive connections and calculate the values of the connections’ appearing reaction
forces and moments.

A. A. Vereykin et al. [21] show the effectiveness of the proposed coordinate system for constructing
equations of kinematics and dynamics for the tree-like actuating mechanism of an active exoskeleton. Using
the equation (14) made it possible not only to determine the driving power values in motion degrees of its
AM with imposed drive connections but also to calculate the reaction forces and moments of these
connections, which appear upon interacting with the base surface for steps. The specially developed
MATLAB-based program [22] was an effective means of the performed calculations and research.

The study of Kovalchuk et al. [23] describes the method of KS synthesis for a walking robot’s tree-
like actuating mechanisms — from the photographic images of its biological prototype’s skeleton. The method
is based on a KS reconstruction algorithm [24-26] and the modified DH CS. There is an example illustrating
the results of the method’s application — creating the kinematic structure of an actuating mechanism for a
robot-Stegosaurus.

Thus, the above-mentioned research results can lead to the conclusion that the proposed modified
Denavit-Hartenberg coordinate system has a common practical ground and can be used in forming
mathematical models of kinematics and dynamics for the actuating mechanisms of robot with an arbitrary
kinematic structure.

6. CONCLUSIONS
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Creating modern walking robots is constrained by the lack of effective methods of forming the
mathematical models of their actuating mechanisms with tree-like kinematic structures.

In constructing such mechanisms’ mathematical models of kinematics and dynamics, it is proposed
to use the modified Denavit-Hartenberg coordinate system. Its application provides a developer maér with a
clear algorithm of building mathematical models of robotic actuating mechanisms with arbitrary tree-like
kinematic structure.

The mathematical models obtained by this method and the software developed for such research can
be applied in creating advanced sample walking robots.
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