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1. INTRODUCTION

Quadrotor aircraft are attractive VTOL aerial vehicles for various military and civilian applications. A
quadrotor aircraft usually has a rigid cross frame equipped with two pairs of rotors. These two pairs of rotors ro-
tate in opposite direction in order to compensate the effect of the reactive torques. The flying mechanism of the
aircraft is explained as follows. The vertical (heave) motion is resulted by collectively increasing and decreasing the
speed of all four rotors. The pitch and roll motions are achieved by changing the speed of the front-rear pair and the
left-right pair of rotors, respectively. The yaw motion is realized by the different reactive torques between the two pairs
of the rotors. Finally, the horizontal (surge and sway) motions are resulted from the coupling of the roll, pitch and
vertical motions. There is no change in the direction of rotation of the rotors. The aforementioned flying mechanism
implies that the motions of the quadrotor aircraft are nonlinearly coupled. Nonlinearities come from the fact that the
equations describing the motions of the aircraft are nonlinear, see Subsection 2.1. for details. Moreover, the aircraft are
underactuated since there are only four independent control inputs (four rotors) while there are six degrees of freedom
(surge, sway, heave, roll, pitch, and yaw) to be controlled, see [?] for more details on controlling other underactuated
mechanical systems. The underactuated and nonlinear coupling features of the quadrotor aircraft result in difficulties
in controlling their motions.

Due to the aforementioned difficulties, controlling a VTOL aircraft was initially restricted in a vertical plane,
i.e., the horizontal (surge and sway), pitch and yaw motions were ignored. An approximate input-output linearization
approach was used in [?], [?], [?], [?], [?] to develop controllers for stabilization and output tracking/regulation of
a VTOL aircraft. In [?], by noting that the output at a fixed point with respect to the aircraft body (Huygens center
of oscillation) can be used, an interesting approach was introduced to design an output tracking controller. However,
the proposed controller was not defined in the whole space. Simple approaches were developed in [?], [?] to provide
global controllers for the stabilization and tracking control of a VTOL aircraft. A dynamic high-gain approach was
used in [?] to design a controller to force the VTOL aircraft to globally practically track a reference trajectory.

Since the quadrotor aircraft usually operate in three-dimensional (3D) space, controlling all of their six de-
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grees of freedom has recently attracted attention of researchers in the control and robotic communities. In comparison
with the two-dimensional (2D) case mentioned above, controlling the aircraft in 3D space has two main additional
challenges. The first one is that in the 2D case there are two independent control inputs while there are three outputs
desirable to be controlled. The 3D case has four independent control inputs and six outputs desirable to be con-
trolled. The second challenge is that there are singularities in the kinematic equations describing the motions of the
aircraft if the Euler angles are used to represent the orientation (attitude) of the aircraft. A combination of feedback
linearization [?], nested control design [?], and backstepping techniques [?] was proposed in [?], [?], [?] to design
a stabilization and tracking controller for a quadrotor aircraft in 3D space. However, the result was local due to the
use of Euler angles for representation of the quadrotor aircraft’s attitude. To overcome the singularities due to the
use of Euler angles for describing the aircraft’s attitude, the unit-quaternion [?] was used. To relax the underactuated
constraint of the quadrotor aircraft, several authors considered the attitude tracking problem and the position tracking
one separately. In [?] and [?], the attitude control problem for the quadrotor aircraft was addressed. Control of the
attitude is more straightforward than that of the position for the quadrotor aircraft because the dynamics of the attitude
of the aircraft are fully actuated while the position dynamics are underactuated.

Motivated by the work in [?], the position tracking problem for the quadrotor aircraft was recently considered
in [?] and [?]. In [?], the authors addressed the problem of position tracking for quadrotor aircraft without linear
velocity measurement where the unmeasured linear velocity was handled by a dynamical approach in [?]. In [?], the
position tracking problem for the aircraft subject to constant disturbances was solved. However, in both [?] and [?]
the attitude was not controlled. This is because the authors of [?] and [?] treated an underactuated quadrotor as an
over-actuated one in the position tracking problem to enable them to use an attitude extraction algorithm for extracting
a desired part of the attitude. This means that in [?] and [?] four independent control inputs were used to control three
outputs (position in 3D). Moreover, a serious problem without controlling the heading angle (a part of the attitude) is
that the quadrotor can rotate around the vertical axis, i.e., the zero dynamics of the heading angle can be unstable. This
problem was recognized in the field of controlling underactuated surface ships [?]. In contrast to the surface ships, the
quadrotor aircraft are symmetric in the horizontal plane. Therefore, it is impossible to use the aft heavy property to
prevent the quadrotor aircraft from rotating around the vertical axis with the position tracking control algorithms in [?]
and [?]. The above findings motivate the contributions of this paper on proposing a new method to design a global
tracking controller for the quadrotor aircraft. The paper’s contributions include three folds.

1. A combination of the Euler angles and the unit-quaternion is used for representation of the quadrotor aircraft’s
attitude in the equations of motion of the aircraft. This combination allows us to design the tracking controller
with a clear physical meaning, and to avoid singularities in the equations representing the aircraft’s attitude. As
such, the unit-quaternion is used for representation of the quadrotor aircraft’s attitude to avoid singularities and
the Euler angles are used to design the immediate controls that stabilize the position and yaw tracking errors.
These immediate controls are then represented back by the unit-quaternion to avoid singularities. Therefore, the
control design has a clear physical meaning and is straightforward to follow in the sense that the roll and pitch
angles are used in combination with the heave velocity to control the un-actuated degrees of freedom (sway
and surge). As such, the control algorithm in this paper controls both the position and the heading angle while
ensures boundedness of the roll and pitch angles. Therefore, the problem of the quadrotor rotating around the
vertical axis existing in [?] and [?] is avoided.

2. A new one-step ahead backstepping method is introduced. This method is used to design bounded immediate
controls for the roll and pitch angles and heave velocity of the aircraft to control its horizontal motions. The
one-step ahead backstepping method is applied to derive an explicit Lyapunov function, of which the derivative
is negative definite, to design a global tracking control law. This results in a global asymptotic and local expo-
nential stable closed loop system. Global asymptotic and local exponential stability of the closed loop is more
desirable than only global asymptotic stability obtained in [?] and [?] (for only for position tracking) because
local exponential stability results in certain robustness with respect to disturbances and fast convergence of the
tracking errors to zero when these errors are sufficiently small. Since the one-step ahead backstepping technique
is constructive and flexible, it is not restricted to an application in this paper but can be used for other control
designs.

3. Observers are proposed to exponentially estimate the unmeasured linear velocity of the aircraft and distur-
bances, which can be time-varying. These observers can be then applied to the full-state feedback control
design to result in controllers for tracking control of the aircraft without measurement of the linear velocity and
with disturbances. In comparison with [?] and [?], since the observers exponentially estimate the unmeasured
linear velocity and disturbances, the control system proposed in this paper gives more desirable information (an
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exponential estimate of linear velocity and disturbances) and does not need to introduce a leakage term or to use
a projection algorithm to prevent a parameter drift problem.

The rest of the paper is organized as follows. In Section 2., the aircraft’s equations of motion and control
objectives are presented. The one-step ahead backstepping method is introduced in Section 3.. The control design is
presented in Section 4.. Exponential observers for estimating the linear velocity and disturbances are given in Section
5.. Section 6. gives numerical simulation results. Proofs of the results are given in Appendices A, B, and C.

2. PROBLEM STATEMENT
2.1. Aircraft dynamics

Under the assumption that the aerodynamics are neglected, the Lagrangian approach results in the following
equations of motion of the quadrotor aircraft (see [?]):

= v, q=K(qw, (1)
b1 = —ges + . fRi(q)es, w=-J"S(w)Jw+ I T,

where e3 = [0 0 1]7, g is the gravity acceleration, m is the mass of the aircraft, J is the inertia matrix of the
aircraft. The vector n; = [z y 2]T denotes the (surge, sway, heave) displacements of the center of mass of the aircraft
coordinated in the earth-fixed frame. The vector v; = [u v w]T denotes the (surge, sway, heave) velocities of the

aircraft coordinated in the earth-fixed frame. The skew-symmetric matrix S(x) is defined as S(x)y = = x y for
all y € R3, where ’x’ denotes the vector cross product. The unit-quaternion ¢ = [go |7, which represents the
attitude (orientation) of the aircraft coordinated in the body-fixed frame, is a four-element vector composed of a scalar
component o and a vector component § € R? that satisfy ¢2 + ||@||> = 1. The vector w denotes the aircraft’s angular
velocity vector coordinated in the body-fixed frame. The matrices R;(q) and K (q) are given by

1 _ =T
Ri(q) = (a5 — 1al*) Isxs + 237" +2005(2), K(q) = [ It S(@) } , @

where I5,3 is the 3 x 3 identity matrix. Note that K7 (q) K (q) = $I3x3. The force f and the moment vector T are
given by

4 (fa— f2)L
F=> 6 7= (fs— )L : 3)
i=1 (fa—fi+ fa—f3)Ca

where f;, i = 1,..,4 is the thrust generated by the i*” rotor along the i*" rotor axis, L is the distance between the rotor
and the aircraft’s center of mass, and C, is a coefficient relating the difference in the rotor’s speed to the yaw moment
about the vertical body axis. The aircraft dynamics (1) is underactuated if we are interested in controlling all six
outputs (surge, sway, heave, roll, pitch and yaw) since there are only four independent control inputs f;,i =1,--- ,4.
For the purpose of the control design later, we let ¢, 8, and 1 be the roll, pitch, and yaw angles, respectively,
coordinated in the body-fixed frame. The unit-quaternion g can be given in terms of ¢, €, and v as follows, see [?]:

cos(%) cos(9) cos(%) + sin(%) sin($) Sin(%)
_ | sin($) cos(3) cos(%) — cos($) sin(3) sin(%) 4
q(n2) Cos(%)sin(g)cos(%) +Sin(%)COS(g)sin(%) ’ “)
cos(§) cos(§) sin() — sin(§) sin(§) cos(§)

with 13 = [¢ 6 1]T. Using (4), we can write the matrix R;(q) = R;(n2) defined in (2) as

cos(¢) cos(0)  —sin(y)) cos(¢) + sin(¢) sin(8) cos(v) sin(v) sin(¢) + sin(6) cos(¥) cos(¢)
Ri(n2) = | sin(¢y) cos(d) cos(1)) cos(¢) + sin(¢) sin(0) sin(v)) — cos(v) sin(¢) + sin(0) sin(¥) cos(¢)
—sin(#) sin(¢) cos(6) cos(¢) cos(6)

2.2. Control objective

Control Objective 2..1 Assume that the reference position trajectory M14(t) = [xq(t) ya(t) za(t)|T is sufficiently
smooth, i.e., its first four derivatives exist and are bounded in the sense that there exist non-negative constants 01, 02,
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03, 04 such that
sup [|91a(t)]l < o1, sup [|[H1a(t)]] < 02, sup [|T14(t)|| < 03, sup ||714(t)] < 04. (%)
teR+ teR+ teR+ teR+

Moreover, the absolute value of the second derivative of z14(t) is assumed to be strictly less than g, i.e.,

sup [£14(t)| < g — o5, (6)
teRT

where s is a strictly positive constant. The reference yaw angle 14(t) is also assumed to be sufficiently smooth in the
sense that its first two derivatives exist and are bounded, i.e., there exist non-negative constants og and o7 such that

sup |yh14(t)] < 06, sup [h1a(t)| < or. (7
teR+ teR+
Under the above assumptions, design the control inputs f;, i = 1,--- 4 such that the position vector m(t) and

the yaw angle 1 (t) of the aircraft globally asymptotically and locally exponentially track their reference trajectories
Mma(t) and ¥g(t), i.e.,

lim (71 (t) = ma(t)) =0, lim ($(¢) = va(t)) = 0, (8)

t— t—00

while keep all other states of the aircraft dynamics bounded for all initial conditions 11 (ty) € R3, vy(to) € R3,
q(to) € R® with ||q(to)||? = 1, and w(ty) € R3.

Remark 2..1 The condition (6) implies that the aircraft is not allowed to land faster than it freely falls under the
gravitational force. We need this condition to design a continuous and global trajectory tracking controller.

3. PRELIMINARIES
In this section, we present a smooth saturation function and a one-step ahead backstepping method, which
will be used in the control design and stability analysis in the next section.
3.1. Smooth saturation function
Definition 3..1 The function o(x) is said to be a smooth saturation function if it possesses the following properties:
0(0) =0, o(z)zr >0, Vze{R-0},
(z —y)lo(z) —o(y)] 20, ¥ (z,y) € R?,

o(=2) = —o(a), o(@)| <1, Z&) <1, o < 9@)

<1,V R.
T de — 7 ve

Some functions satisfying the above properties include o(x) = tanh(z) and o(x) = \/117 For the vector x =

(@1, 24, ,xp]T, we use the notation o(x) = [o(x1), -+ ,0(x;),- - ,0(x,)]|T to denote the smooth saturation
function vector of x.
3.2.  One step ahead backstepping method

Consider the following second-order system:

&y = w9 + fi(t, 71, 22),
:bZ =u+ fQ(t,xl,l'Q),

€))

where ¢ denotes time, x; and x5 are the states, u is the control input, and we assume that

0 L] 0 o 0 ° o °
féi : J;x(g) = 13 ‘ glx(l ) Jat;(l )‘ < 015, |f2(®)] < 021,  (10)

|f1(®)] < 011,

= 0O12,

SU2’ < 014,

for all t € R*, and (z1,22) € R2. In (10), e stands for (¢, 21, x2), and 015, 4 = 1,...,5, and go1 are nonnegative
constants with g3 strictly less than 1. It is noted that we need to impose the conditions (10) on fi (¢, z1,x2) and
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fa(t, 1, z2) to make it possible to design a bounded control  that can globally and asymptotically and locally ex-
ponentially stabilize (9) at the origin. For example if f5(¢,z1,22) is not bounded by a constant, we cannot design a
bounded control « to globally and asymptotically and locally exponentially stabilize (9) at the origin since the control
u needs to cancel the term f5(¢, x1, x2) in general.

Let us address the problem of designing u to globally and asymptotically and locally exponentially stabilize
(9) at the origin such that |u(t)| is bounded for all ¢ > t, > 0 by a positive constant for all (z1(to), x2(to)) € R? at
the initial time ¢y > 0. The one-step ahead backstepping control design consists of two steps.

Step 1. Define x5, = x5 — 1, where a; is the virtual control of x5. Let us consider the Lyapunov function
candidate

Vi= /w1 o(s)ds, 11
0

where o (s) is a smooth saturation function defined in Definition 3..1. By differentiating both sides of (11), we choose
the virtual control o7 as
—k 10 (17 1 )

=———=— fi(t 12
aq A(z) J1(t, w1, 22), (12)
where k; is a positive constant such that k1 + 913 is less than 1, and the function A; (x3) is chosen as Aq(x2) = 1+%x§.
Now substituting (12) and x2. = x2 — o into the derivative of V7 results in V1 = %&)}2 + o(x1)T2e-
Step 2. Consider the Lyapunov function
L,
Vo = Vi + 523, (13)
where 7y is a positive constant. With x5, = z2 — 7 and Vl = %(5;))2 + o(x1)x2., where 7 is given in (12),

differentiating both sides of (13) and choosing the actual control u as

dag\ 0 o
u = (1 - £) <—k20($2e) —vo(z1) + % + %(@ + fl(t,$1,$2))) — fa(t,z1,22) (14)

result in
_ —kiyo(x)?

‘./2 g Al(x2) — kgO’(l‘Qe)l‘ge. (15)

Since |%‘;| < ki + p13 forall (x1,x2) € R? and k; + 013 < 1, the control u given in (14) is well defined. Based on
(11), (13) and (15), it is readily shown that the closed loop system consisting of (9) and (14) is forward complete and
is globally asymptotically and locally exponentially stable at the origin. From (14) a calculation shows that

< ko + 74 012 + k1 + 014 + (k1 + 015) 011
- 1—ky— o013

Ju(®)]

+ 021, (16)

forallt > ty > 0. The above bound means that the magnitude of the control input « is bounded by a positive constant
for all initial conditions z1 (tg) € R and z2(tg) € R.

Remark 3..1

1. The main difference between the above control design and the standard backstepping method [?] is that the

virtual control o in (12) is a function of both x1 and xs. This is crucial to allow us to design the bounded

control u in (14), see the term g‘;; To.

2. There are several other methods (e.g., [?], [?]) to design bounded control laws for a chain of integrators inspired
by the work in [?]. However, it is difficult to apply these methods for designing global tracking controllers for
the quadrotor aircraft in this paper.

3. Although the one-step ahead backstepping method has been presented for a second-order system, it can be
straightforwardly to extend to a higher order system.

Global Tracking Control of Quadrotor VIOL Aircraft in Three-Dimensional Space (K.D. Do)
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4. CONTROL DESIGN

For clarity, the control design is presented for the quadrotor aircraft with full-state available for feedback
and without disturbances. The problem with disturbances and without linear velocity measurement is readily solved
by combining the control design proposed in this section and exponential observers for estimating the linear velocity
vector v; and disturbances in Section 5.. The control design consists of two stages. In the first stage, the first two
equations of (1) will be considered. Using the one-step ahead backstepping method introduced in Subsection 3.2. we
will design the total thrust f and the virtual controls of the roll and pitch angles to globally asymptotically stabilize the
tracking error vector 1 (t) — 114(t) at the origin. In the second stage, the last two equations of (1) will be considered.
Using the backstepping technique [?], the moment vector 7 will be designed to globally asymptotically and locally
exponentially stabilize the tracking error 1)(t) — 14(t) and the errors between the virtual controls of the roll and pitch
angles and their actual values at the origin.

4.1. Stagel

This stage consists of two steps.

4.1.1. Step1

In this step, the first equation of (1) is considered. We will design a virtual control of v; to force n;(t) to
globally asymptotically and locally exponentially track its reference trajectory 114(t). As such, we define

Nie = M1 — Md,

(17)
Vie = V1 — Oy,
where o, is a virtual control of v;. Substituting (17) into the first equation of (1) results in
7716 = Qy, + V1e — ,';lld~ (18)
To design the virtual control a,,, we consider the Lyapunov function candidate
Mie
Vi :/ ol (s)ds, (19)
0
whose derivative along the solutions of (18) satisfies
Vl = UT(nle)(avl + V1e — 'flld)7 (20)

which suggests that we use the one-step ahead backstepping method introduced in Subsection 3.2. to design the virtual
control a,, as follows

o(ne)
A(vy)

where K = diag(k11, k12, k13) with k11, k12, and k13 being positive constants to be chosen later. The term A(wvq) is
chosen as

Oy, = _Kl

+ M4, (1)

1
Alvy) =1+ 5|\u1||2. (22)
Substituting (21) into (20) gives
' o’ (me)Kio(ne) T
Vi=-— e)V1ie- 23
1 A(’Ul) +o (771 )vl ( )

On the other hand, substituting (21) into (18) yields

o(n1e)
A(v1)

To prepare for the next step, we calculate v, by differentiating both side of the second equation of (17) along the
solutions of (21) and the second equation of (1) to obtain

e = — K3 + vVie. (24)

. 1 N
Vi = Gy ( —gez + Ele(Q)e?,) + F| — 1gq, (25)
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where
T
G = Inxs — K "Xgl@):;l 7
(26)
o' (me) o (N1e) ’ do (1)
Fi=K - K = e
1 1 A(vr) ( 1 A(or) +vie |, o'(Me) Y

Let v; and o (1;.) be written in their components as v; = [v11 vi2 v13]7 and o(N1e) = [0(N11e) T(M12¢) T(M13e)] 7
From (26), we calculate the determinant of G'; as follows:

e e [ 2
olmie)on 76‘120(?712 Juiz _ k 30(7713 Juis >1- g(kn + k1o + K13). 27

et G =Ty N) BT Ay

Therefore, we choose the elements k11, k12, and k13 of the matrix such that

2
1- g(/ﬂn +kia + kiz) >0 (28)

to ensure that the matrix Gy is invertible. Moreover, substituting v;. defined in the second equation of (17) with
a1 (v7) defined in (21) into the expression of the the vector F defined in the second equation of (26) gives

0'/(771e)

=K1 o)

(v1 — 714). (29)
Using the expression of A(v;) defined in (22), we have the following bound of Fj:

1B < a5 (2+ 21 (30)

where o7 is defined in (5), and \j; (K ) is the maximum eigenvalue of K.

4.1.2. Step2

We define
qge = ¢q + Qgq 3D

where ag = [ag, al]” with ag = [ovg, g, ag,]" is a virtual control of q. We use the & in (31) to resolve the sign

ambiguity since ¢ = [qo q”]7 must satisfy the constraint g2 + ||g||> = 1. The = sign in (31) results in the same
desired orientation of the aircraft when g, is equal to zero. This is because from (4) we have q(n2) = —q(n2 + 27).
Therefore, aq represents the desired Euler angles corresponding to those, which are represented by —a, rotated by
an angle of 27. Substituting (31) into (2) results in

Ri(q) = Ri(aq) + H(ge, 0q), (32)
where
H(qe,aq) = [qOe(qOeﬂaqo)ﬂf(q@i?aq) st3+2qe(¢ifi20:§)+2[qo@(s(de))iS(aq)iaqOS(%) , (33)
since S(z +y) = S(z) + S(y) forall x € R? and y € R>. Now let us define oy, = [ g vy]? with
oy = a, (34

which is the virtual control of 772 corresponding to the virtual unit-quaternion vector ag. Using (5), we can write
R (ag) = Ri(aw,) as

Ry(aq) = Ri(m2)|,,_q, - (35)
where using (4) we have the relationship between ag and o, as follows:
ag = q(n2)|m:an2. (36)

The purpose of writing down (35) and (36) is that it is difficult to design the virtual control g to globally asymptot-
ically stabilize the error vector vi. at the origin. Therefore, we will design the virtual control ¢, (only oy and o

Global Tracking Control of Quadrotor VIOL Aircraft in Three-Dimensional Space (K.D. Do)
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since ay, is already available in (34)) by using (35) then the virtual control cg will be found by substituting ay,, into
(36). To design the control f and the virtual control a,,, we consider the Lyapunov function candidate

1
Vo=9V1+ §Hv1e||2, 37

where 7 is a positive constant. Differentiating both sides of (37) along the solutions of (23), (25), and (32) gives

O-T (771e)K10'(771e) T 1 . T 1
A(’U1) +v1, [’70(7]16)"’_(;1 (_963+ ale(aq)eli) +Fy _nld} +UleG1EfH(qe; aq)e&

(38)

Vo =—y

which suggests that we choose

_ .. A
fR1 (aq)eg = mGl 1( - KQ(T('Ule) - Fl - ’}/0’(1’[16) + nld) + mges = Q, (39)
where Ky = diag(ko1, koo, kog) with ko1, koo, and kog positive constants to be chosen later. Let 4, 2, and Q3

be the elements of €2, i.e., @ = [ Q2 Q3]7. From (39), we obtain the upper bounds of |Q;|, |22, and |Q3], and
lower-bound of 23:

m
1] Sg ((1 — k12 — kig) (ko1 + A (K1) (2 + 01) + v + 021) + k11(2k13 + 1) %

(ka2 + A (K1) (24 01) +7 + 022) + k11(2k12 + 1) (kaz + An (K1) (2 + 01) +7 + 923)) =,
€22 Sg (k12(2/€13 + 1) (k21 + A (K1)(1+0.501) + + 021) + (1 — k11 — k13)
(kaz + Anr (K1) (2 + 01) + 7 + 022) + k12(2k11 + 1) (kaz + A (K1) (2 + 01) + 7 + Q23)) = Qam, o)
23] S% (k13(2k12 + 1) (k21 + A (K1)(2 + 01) + v + 021) + k13(2k11 + 1) (k2 + Anr (K1) X
(24 01) +7+ 022) + (1 — k11 — k12)(kas + A (K1) (2 + 01) +7 + 923)> +mg = Qn,
Q3 > — %(lﬁw(?klz + 1) (k21 + A (K1) (24 01) + 7 + 021) + k13(2k11 + 1) %

(kao + Aar (K1)(2 4 01) 4+ + 022) + (1 = kax — kaz) (kg + Mar (K1) (2 + 01) +7 + 20) ) + g,

where gp = 1 — @(kﬁn + k12 + k13), 021 = supcp+ [£14(t)], 022 = supsepy+ [§14(t)|, and 023 = sup,cp+ [Z14(t)|.
We now specify the gain matrices and the constant -y such that 23 > Q3 with Q3 being a strictly positive constant, i.e.,

—-m
Q3 ZT)O (k13(2k12 + 1) (ko1 + A (K1) (24 01) + v + 021) + ki3 (2k11 + 1) (ka2 + A (K1) X
(41)

(24 01) +v+022) + (1 —kin — ki2)(kos + A (K1) 24+ 01) + v+ 9 — Q5)) +mg > Q3,

where we have used (6). Since g5 is a strictly positive constant, we can choose sufficiently small K7, K5, and ~ such
that the condition (41) holds. This condition is necessary for designing a global control law for oy later. As such, the
equation (39) yields fes = Ry ' (). Since Ry ” (ag) Ry *(ag) = I3x3, we have

f=V/QrqQ. (42)

Since Q > Q3, see (41), we have f = /Q2 + Q3 + Q2 > Q3. On the other hand, we expand the term Rfl(aq)ﬂ
using (35) and e3 = [0 0 1] to obtain
cos(ay) cos(ag)1 + sin(ay) cos(ag)le — sin(ag)Qs = 0,
[ — sin(ay) cos(ag) + sin(ag) sin(ag) cos(ay) | Q1 + [cos(ary) cos(ag) + sin(ay) sin(ag) sin(ay )] Qo+

sin(agy) cos(ag)Qs = 0,
[sin(avy) sin(ag) + sin(ag) cos(avy) cos(ag )] + [— cos(ay) sin(ag) + sin(ag) sin(ay) cos(ag)| Qe+

cos(ay) cos(ag)Qs = f.
(43)
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Now multiplying the second equation of (43) by — cos(cv) then adding with the third equation of (43) multiplied by
sin(ovg) results in

sin(ouy ) Q1 — cos(aw)Qg) 44)

QrQ

which is well defined since | sin(ay)Q; — cos(ay)Q2| < /QF + Q3 < VQTQ due to Q3 > Qf > 0, see (41).
Moreover, from the first equation of (43) we have

Qg = arcsin (

Q i Q
g = arctan (cos(aw) 1+ sin(ay) 2), (45)
Q3
which is also well defined since {23 > 235 > 0, see (41). Substituting (39) into (38) results in
. T (M) K10 (M. ara
Vé =7 (nlA)(Ull) (nl ) - vl(’KQU(’Ulﬁ) 7vleG1 H(‘]e,aq) (46)
Substituting (39) into (25) results in
1
e = — K. o) — e —G1VQTQH(q., . 47
42. Stage? 01 20 (vie) — o (M1e) + —Gh (@e, q)es 47
4.2.1. Step1l
We define
We = W — Q,, 48)
where o, is a virtual control of w. Before calculating g, let us calculate ag. From (36), we have
aq = K(ag)x, (49)
where
1 _aT
K(ag) ==
(@) =5 rgo L33 £ S(ag)
%29 gy, + 222 (—ge3+ifR1( )e ) $y7 | e 751)(1+ %o 4hg
1 0 _ SiIl(OLg) on m i=1 (1 1) OPq
x= |0 cos(ag) cos(ag)sin(ay) dag,, | D ( _ L 1fR ) i Oag (1) | Do
0 —sin(ay) cos(ag)cos(ay) o, V1 8v ges + o [ Ri(q ) Zz 156D Md T3y, a
Ya
(50)
Differentiating both sides of (31) along the solutions of (48), (49), and the third equation of (1) yields
(je = K(q)(aw +w8) iK(aq)X' (51)

Since there is the sign ambiguity in (51), which is resulted from the definition of g., see (31), it is difficult to design the
virtual control ¢, from (51) to stabilize g, at the origin. Thus, we perform the following coordinate transformations

20 = 0geqo + aglj, Z=qaqq— qgoog — S(0g)q, (52)
where «y, is the first element of ag and g is the vector containing the second, third and fourth elements of oy, i.€.,
ag = [ayg, aq:f]T. (53)
From (52), we have the following proposition:
Proposition 4..1 The following implication holds:

{ limy o0 20(t) = £1 Jlim q.(t) = 0. (54)
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Proof. See Appendix A. This proposition implies that designing the virtual control «, to stabilize g, at the origin is
equivalent to designing o, to stabilize zy at =1 and Z at the origin. As such, differentiating both sides of (52) along
the solutions of (31), the third equation of (1), (48) and (51) yields

. 1_ -1
ZO:*§ZT(aw7X+wc)a z = §G2(awfx+we)a (55)
where
Gs = zoI3x3 + S(2). (56)
To design the virtual control v, we consider the following Lyapunov function candidate
Vs = |12, (57)
whose derivative along the solutions of the second equation of (55) satisfies
V3 = 2TG2(aw - X+ we)a (58)
which suggests that we choose
a, = kGl z +x, (59)

Wher§: k3 is a positive constant. It is noted that «,, is a smooth function of zq, Z, 11, v1, q, M4 Md> Md> M4, Vd,
and 4. Substituting (59) into (58) gives

Vs = —k32" GoGY 2 + 2" Gowe. (60)
Substituting (59) into (55) gives
k 1 . k 1
2= ngGsz —gF W, Z= —?3(;52 + 5 Gawe. (61)

4.2.2. Step2

This is the final step, in which we design the actual moment vector 7 to stabilize w, at the origin. Differenti-
ating both sides of (48) along the solutions of (48), (55) and (1) yields

) _ _ day, 1_ Oay, (1
We=—J 'S Jw+J v — 97 <— §zT(aw -x+ we)) — 8; (2G2(aw - X —|—we))
4 . 2 5 (62)
Oa, oo, 1 oo, o, (i) Oy, @
_ _Tw il _ 2wl K _ TTw _ e
am L ooy ( ges + mfR1(Q)€3) 9q ( (Q)w> Z n hd Z iy Yo
i=1 0 Mg =19 oy
which suggests that we choose the control 7 as
ooy, 1_ Ooay, (1
T=—JKiw. + S(w)Jw + J|: Bz (— izT(au — X +we)> + g <2G2(aw -Xx+ UJe))
) ; 63)
Oo, Oa, 1 Oa, 1 Ooa, (i) 2 Oa, @ (
e il el K e e
+ o vy + Do, < ges + mle(q)eg> + 94 < (q)w) + Z =y n1d+z D Y, |,
i=1 0 Miq i=1 9 oy,
where K is a positive definite matrix. Substituting (63) into (62) results in
we = —K4we. (64)

For convenience of stability analysis, we rewrite the closed loop system consisting of (24), (47), (61), and (64) as
follows:

. o (M)
e — -K e
m 1 Avr) + v
. 1
Vie = _KQO'(vle) - ’70'(7716) + %Gl \ QTQH(Qe7 aq)637
2.50 = %ETGgZ — %ET(«JE, (65)

- ks _ 1
zZ= —?GQTZ + iGgwe,
U:)e = —K4we.

The control design has been completed. We summarize the results in the following theorem.
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Theorem 4..1 Under the assumptions that the reference position trajectory n14(t) is sufficient smooth and satisfies
the conditions (5) and (6) and that the reference yaw angle 14(t) is sufficiently smooth and satisfies the condition
(7), the control laws consisting of (42) and (63) solve Control objective 2..1. In particular, the followings hold for all
initial conditions 1 (tg) € R3, v1(to) € R3, q(to) € R with ||q(to)||? = 1, and w(to) € R3:

1. The actual control input f;, © = 1,--- |4 to the rotor i can be found by solving (3) with f and T given in (42)
and (63), respectively, i.e.,

-1

fi 1 1 1 1

fol 0 -L 0 L f

171 =L o L o | (66)
f4 - Ca Ca _Ca Ca

2. The closed loop system (65) is forward complete.

3. The aircraft’s position 11 (t) and the aircraft’s yaw angle 1)(t) of the aircraft globally asymptotically and locally
exponentially track their reference trajectories 114(t) and 14(t).

4. All other states of the aircraft dynamics bounded.

Proof. See Appendix B.

5. DEALING WITH UNMEASURED LINEAR VELOCITY AND DISTURBANCES

In Section 4., the control design was presented for the quadrotor aircraft with full-state available for feedback
and without disturbances. In this section, we address the unmeasured linear velocity and the disturbance issues. For
the unmeasured linear velocity problem, we provide a design of exponential observers for estimating the unmeasured
linear velocity vector v;. For the disturbance problem, we include disturbance force and disturbance moment vectors
in the quadrotor dynamics and design exponential observers for estimating these disturbance vectors. The control
design can be then done by combining the control design in Section 4. with the exponential observers developed in
this section.

5.1. Dealing with unmeasured linear velocity

This subsection develops an exponential observer to estimate the linear velocity v; of the quadrotor aircraft.
For convenience, we here rewrite the position dynamics of the aircraft, i.e., the first two equations of (1):

771 = vy,
. 1 (67)
v = —ges + Ele(q)eg.

Since the second equation of (67) does not contain a damping term, designing an exponential observer for estimating
v is slightly involved. Nevertheless, we propose the following observer:

m = x + Koi(m — ),

01 = X + Koi1(m — ), (68)
. 1 .

X = —ges+ Ele(Q)ezz + Koz (m — M),

where 77; and 07 denote estimates of 77; and vy, respectively, K(; and K2 are positive definite matrices. We now
show that the observer (68) ensures that 7; and v, exponentially tend to 777 and vy, respectively. To do so, let us define
the following observer errors:

m=m—"m,

N . (69)
V1 = V1 — V.
Differentiating both sides of (69) along the solutions of (68) and (67) yields
< — 1.} ,
= (70)

v1 = — Ko — Ko101,

which is globally exponentially stable at the origin because K; and K are positive definite matrices.
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5.2. Dealing with disturbances
The dynamics of the quadrotor aircraft subject to disturbances can be represented as:

1 = vy, . ) q=K(qw, o
v = —ge3 + EfR1(Q)63 + EFda w=-J'S(w)Jw+ I T +74),

where F); is the disturbance force vector coordinated in the earth-fixed frame and 7 is the disturbance moment vector
coordinated in the body-fixed frame. The goal of this subsection is to design observers that exponentially estimate the
disturbance vectors F'r; and 74. To avoid repeating representation, we design an observer for exponentially estimating
a disturbance vector in a general second-order nonlinear system, which covers the dynamics of the quadrotor aircraft
(71). As such, we consider the following second-order system:

1 = fi(t,z1, z2),

72
a9 = folt, @1, z2) + G(t, 21)d(t), 72

where t € RY, ¢ € R", @y € R", f1(t,z1,T2) and fa(t, z1, T2) are vectors of known functions of ¢, & and 3,
G(t, 1) is a matrix whose elements are functions of ¢ and x, and d(¢) is a vector of unknown disturbances. The
system (72) satisfies the following assumption:

Assumption 5..1

1. The disturbance vector d(t) an'd its derivative are bounded, i.e., there exist nonnegative constants dy; and dips
such that ||d(t)|| < das and ||d(t)|| < diag, forall t > tog > 0, where to > 0 is the initial time.

2. The system (72) is well-posed for all t > tq > 0.
3. The matrix G(t,x1) is invertible for all t > to > 0 and 1 € R", and is differentiable with respect to t and x;.

The disturbance observer is given in the following lemma.
Lemma 5..1 Under Assumption 5..1, the disturbance observer d of the disturbance d(t) is given by

d=¢+KG \(t,z))xs,

;. 8G_1(t,331) aG‘l(t,ml)
E N —K£ —K< ot + 82131
&(to) = —KG ' (to, z1(to))z2(to),

.fl(ta $17w2)> T2 —K(G_l(t,$1)f2(t,w1, $2) +KG_1(t7w1)x2>’

(73)

where K is a symmetric and positive definite matrix. The system (73) guarantees that the disturbance observer error
d. = d — d and the disturbance observer d satisfy the following properties:

|de<t>||<¢ <||d(t0)||2— i )ekm<f<><“°>+ B
o Aw(K)
a0l < 2y,

Sorallt >ty > 0, where Ay (K ) and \y, (K) are the maximum and minimum eigenvalues of K, respectively.
Proof. See Appendix C.

Remark 5..1

1. The system (73) is dynamical. The state & is generated by the second equation of (73), which is an ordinary
differential equation, with the initial value €(ty) chosen as in the third equation of (73). The choice of the matrix
K directly affects performance of the disturbance observer. The larger eigenvalues of the matrix K give the
faster the response of the disturbance observer.
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2. The first inequality of (74) means that the disturbance observer error d.(t) exponentially converges to a ball
with a radius of Ail(l}f{) centered at the origin. The radius )\il(I;’{) can be made arbitrarily small by choosing a
matrix K with a large minimum eigenvalue. In the case dyp; = 0, i.e., the constant disturbance, the disturbance
observer error d.(t) exponentially converges to zero. The second inequality of (74) gives the upper-bound of
the disturbance observer (i(t) This upper-bound depends on the upper-bound of the disturbance d(t) and the
matrix K. If we choose K such that A\, (K) = Ay (K), then the upper-bound of the disturbance observer

~

d(t) will not exceed the upper-bound dy; of the disturbance d(t).

3. Continuality and differentiability of the disturbance observer d(t) depend only on those of f1(t, @1, x2), f2(t, z1, x2),
and G(t, 7).

Applying Lemma 5..1 to (71) results in the following observers for exponentially estimating F; and 7:

Fi=& +mKgwv,

& = —Kaé — Ko (—mges + fRi(q)es + mKiqv1),
&1(to) = —mKgiv1(to),

T4 =& + KppJw,

&= —Kypé — Kpp(— S(w)Jw + 7+ KgppJw),
&2(to) = —KazJw(to),

(75)

where K ;; and K 4o are diagonal and positive definite matrices. The observers (75) guarantee that the observer errors
Fy. = Fy — Fy and 74, = T4 — T4, and the observers F; and 7, satisfy

F2 F?
F t < F t 2 _ _ “1dM _)\mr(K 1)(t_t ) __1ldM
[ Fae(t)]] < \/( ato)l* = 2 7k, )¢ Y K
. A (K
B0l < 35 Fasr,
m d1l (76)

a1 < o (Iratto)? = 78 Yemhmiaromso Tt

e\l = 0 X2 (K y) A2 (Ka2)'

Ayt (Ko

B <

17Ol < 3 K) 0

forall t > ¢y > 0, where Fyys and F'4ps are the upper bounds of || Fy|| and ||Fd , respectively, and 74ps and T1gps
are the upper bounds of ||74|| and |74, respectively. It is noted from (76) that the disturbance observer errors Fy,
and 74, exponentially converge to balls, which are centered at the origin and have radii of "F E;g; ") and /\Tl(f;g’d ot
respectively. These radii can be made arbitrarily small by choosing the matrices K41 and K o with sufficiently
large A, (K 41) and Ay, (K 42), respectively. Indeed, if Fy and 74 are constant we have Figy = miam = 0, iee.,
the disturbance observer errors Fy. and 7,4 exponentially converge zero. Moreover, the disturbance estimates Fd

and 74 are upper bounded by %Fdz\/[ and ’/\\M ((Ilgjj)) Tam respectively. In addition, let Fy = [Fyq Fyq F.q)”,

EF, = [de Fyd de}T, and Fypanr, Fyan, and F.qp be the upper bounds of |Fp4|, |Fyq|, and |F.q], respectively.
a s (Ka1) 2 A (Ka1) > A (Ka1) .
Tl“hep we have |Fq| < %cmm, |Fyal < %FMM, and |F,q4| < %de]\/[ because the matrix K4
is diagonal.
The above linear velocity and disturbance observers ensure that the control design presented in Section 4. is

straightforwardly extended to handle the unmeasured linear velocity and disturbance problems. The only note to take
is that the condition (6) is replaced by

.. A (Kar)
sup |Z14(t)] < g — — ——F.qm. 77
tGRIH 1a(t) < g—o0s Non(Kar) aM (77)

This condition implies that the aircraft is not desirable to land or to take-off faster than it freely falls under gravity and
the disturbance force in the vertical direction.

6. SIMULATION RESULTS
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In this section, we illustrate the effectiveness of
the proposed global tracking controller through a numeri-

cal simulation. The aircraft’s parameters are taken as m = 60y "/
0.5kg, L = 0.25m, C, = 0.05m, g = 9.81m/s%, and J = ‘
103diag(5,5,9)kg/m>. The reference trajectories are _ 401" "

taken as myq(t) = [10sin(0.01¢) 10cos(0.01¢) 0.17, £ RER N
and 14(t) = 0.01¢. The smooth saturation function o (e) 201

is chosen as o(e) = tanh(e). The control gains are cho- o

senas K; = Ky = 0.5I5.3, ks = 5, K4 = 10133, and 10

v =0.5. 1o

It can be verified that the conditions (28) and
(41) hold. The initial conditions are 7;(0) = [5 1 1]7,
v1(0) = [0 0 0]T, g(0) = [0.883 0.3 — 0.2 —0.3]T, and
w(0) = [0 0 0]T. The position reference trajectory 74

-10 -10 X [m]

Figure 1. Reference and real position trajectories 1714 and

and the position real trajectory 7; are plotted in Figure 1. m

The position and attitude tracking errors and control forces 10

are plotted in Figure 2. It is seen from these figures that all ) ~_

tracking errors asymptotically converge to zero. Noticing < Of ; :

that it takes longer time for the position tracking error vec- -10 / : :

tor 171 (t) to converge to zero than for the attitude tracking 0 20 40 60 80 100

Time [s]

error vector g, since we need to choose sufficiently small
gain matrices K7 and K> so that the conditions (28) and
(41) hold. =

7. CONCLUSIONS

The attractive points of this paper include the =
combination of the Euler angles and unit-quaternion for =
the aircraft’s attitude representation, and the one-step
backstepping ahead. These features can be applied to de-
sign global tracking controllers for underactuated ocean Time [s]
and land vehicles in the future.

flv“:

A PROOF OF PROPOSITION 4.1 Figure 2. Position and attitude tracking errors, and con-

Noticing from (52) that zg = OéqTq and from (36) trol forces

that ||ag||? = 1, therefore the case where zp = 1 and Z = 0 corresponds to the minus sign in (31) and the case where
zo = —1 and Z = 0 corresponds to the plus sign in (31). We only consider the case where lim;_,~, 20(t) = 1 and
lim¢—, oo Z(t) = 0. The case where lim;_, 2o(¢) = —1 and lim;_,+, Z(¢) = 0 can be carried out in the same manner.
Moreover, it is sufficient to take zy = 1 and Z = O the instead of their limits since z((¢) and Z(¢) are bounded (recall
that 22(t) + || Z(t)||* = 1 forall t > to > 0). Using ag = g — g, from (31), we can write 2o and Z defined in (52) in

terms of g, as follows:
zo=1- qTQe» (78)
Z = —qoeq + q0qe — S(‘jy)q

We consider two separate cases where gy # 0 and gy = 0. For the case where gy # 0, setting zo = 1 and Z = 0 in
(78), and multiplying both sides of the second equation of (78) by g~ give

_T_
e+ e:O
{ 4 ge T Qo0 = qoq7q. = 0, (79)

~qoed: G + 90, e =0
which yields g. = 0 since gg # 0 for this case. For the case where ¢y = 0, setting 2o = 1 and Z = 0 in (78), and
multiplying both sides of the second equation of (78) by g give

_T_
qaq=20 T
T = =0. 80
{ —00eqTG =0 949 q (80)

Since go = 0 for this case and g”'q = 1, we have g*'q = 1. This implies from (80) that go, = 0. We now need to
show that g. = 0. Since we have already shown that go. = 0 and are considering the case where ¢y = 0, the second
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equation of (78) with Z = 0 gives S(g.)g = 0. This equation and the first equation of (80) mean that the dot and
cross products of the two vectors g, and g are both equal to zero while ||G|| = 1. Therefore, we must have g. = 0. O

B PROOF OF THEOREM 4.1

To prove Theorem 4..1, we first show that the closed loop system (65) is forward complete. Second, we
consider the last equation of the closed loop system to show that w,.(¢) exponentially converges to zero. Third, we
prove that Z(¢) and zo(¢) asymptotically tend to O and +1, respectively. Fourth, we show that 7;.(¢) and v1.(t)
asymptotically converge to zero. Last, we prove that all other states of the aircraft dynamics bounded.

B1. Proof of forward completeness of the closed loop system and exponential convergence of w. ()

To prove that the closed loop system (65) is forward complete, we consider the following function

@1:\/1+V2+28+V3+%Hw6||2, (81)

where V5 is given in (37) with V; defined in (19), and & is a positive constant to be selected. It is seen that ; is
positive definite and radially unbounded in 1;., v1., 20, Z, and w,. It can be shown that the first derivative of ¢, with
respect to time along the solutions of (46), the third equation of the closed loop system (65), (60), and the last equation
of the closed loop system (65) satisfies

1 UT(nle)Klo'(nle) T 1 7
b = — _ — v K. —v;. GHVQTQH
LV v B A(vy) vi Koo (vie) + G (qe, g3 |+ -
k 1
?3 _TGgEZO - iszeZO - ngTGQGgE + ZTGQQ)E - €0(4)ZK4(4)€
Using the expressions of G in (26), G2 in (56), H(g., aq) in (32) or in (33), and the bound of the elements €21, {22,
and €3 of €2 defined in (40), we have

1G] <1+ [ Kill, |Gzl <2, [H(ge, ag)] <2, VRTQ < \/Q%M + Q50 + Q3 (83)
Using (83) and the fact that z3 + 27 Z = 1, we can bound ¢ as follows:
¢1 < —Mi|lwe | + My, (84)

where

My = 2<§0/\m(K4) — 2)7
(85)

5 1
My = 5+ =231+ | Kl s + Qs + B,

where A, (K4) is the minimum eigenvalue of K,. Hence picking &, > ﬁ(lﬁ) results in ¢1 < Mo, which together
with ¢4 defined in (81) implies that the closed loop system (65) is forward complete.

Since we have already proved that the closed loop system (65) is forward complete, to show that w,(t)
exponentially converges to zero we can consider the last equation of the closed loop system (65) separately. As such,
we consider the function V; = %HweH2 whose derivative along the solutions of the last equation of the closed loop
system (65) is Vi = —w! K w,, which implies that w,(t) exponentially converges to zero since K, is a positive
definite matrix.

B2. Proof of asymptotic convergence of z,(t) and Z(t)

To show that lim;_, 20(t) = 41 and lim;_,, Z(t) = 0, we consider V; = 22 and V3 defined in (57) to

Vo = z§ = [ Va=z|?
Zo) { Vo = ks =2 |Z]2 — 205Twe 20\ Vs = —ks22|Z]2 + 2L Gawe, (86)

obtain

where we have used (60), the third equation of the closed loop system (65). Using the fact that we have already proved
that w,(t) exponentially converges to zero, and that 2(t) and Z(t) are bounded (since 23(t) + [|Z(t)||> = 1 for all
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t > top > 0), instead of considering (86) to study asymptotic convergence of zo(t) and Z(t) we can consider the

following equations
o Vo =243 suy [ V5 =12

{2 2 e &7
The subsystem Zj is unstable. Instability of the subsystem Z; implies that zo(¢) asymptotically tends to a non-zero
but bounded value if zo(tg) # 0. If 2¢(¢p) = 0, arbitrarily small noise will drive zy(¢o) to a non-zero value zo(t) at
some ¢ since the subsystem Z is unstable. A non-zero z(t) implies from the subsystem Z" that Z (t) tends to zero
asymptotically. Since 2Z(t) + ||Z(¢)||*> = 1, 2z0(t) will eventually converge to 1 or —1. Asymptotic convergence of
z0(t) to £1 and Z(¢) to 0 implies from Proposition 4..1 that g, (t) asymptotically converge to 0.

B3. Proof of asymptotic convergence of 7)1.(t) and v (¢)

To prove asymptotic convergence of 11 (t) and v1.(¢) to zero, we consider the following Lyapunov function
candidate

Vo =21+ Vs, (88)
whose derivative along the solutions of (46)
y 1 GT(nle)Kla(nle> T )
Vo= — + v, Kyo(vie) | + wH(qe, ag)es, 89
2 /1_1_‘/2 (7 A('Ul) lefd2 ( 1 ) w (q q) 3 ( )
where @ = \/117‘/2 %vﬂGl VOTQ. We need to show that the term w is bounded by a constant. As such, using V5 in

(37), G1 in (26), and the bound of the elements €21, )5, and Q3 of € defined in (40), we can calculate the bound of @
as follows:

1 JLeivaTa
MU+ o ?

1o ][|Gi|VRTS
U+ o2

_ < < VAL K )/ + QB+ DB 90)

1
m

We now use the fact that the term c(¢) is bounded as shown above for all t > ¢, > 0 and that lim;_, » g.(t) = 0 as
proved above. Moreover, the limit lim;_, o, ge(t) = 0 implies thatlim;_, ., H(g.(t), aq(t)) = 0, see the expression of
H(q., aq) in (33). The limit lim;_,o, H(q.(t), aq(t)) = 0 in turn implies that lim;_, o [cw(t) H (qe (), og(t))es] =
0. Integrating both sides of (89) and utilizing the limit lim;_, o, @ (¢) H (qe(t), og(t))es = 0 show that Va(t) or V5 (t)
is bounded for all ¢t > ¢y, > 0. Boundedness of V5 (¢) or V5*(¢) implies boundedness of 71, (¢), v1.(t), and vy (t) (see
(17) and note that v, is bounded for all ¢ > ¢y, > 0). In addition, by construction all the signals 11, (t), v1.(¢), and

o7 (me (D)Ko (mic ()
OO R

v{.(t) K20 (vie(t))) = 0, which in turn means that lim;_, o (71 (t), v1(t)) = 0 since vy (t) is bounded. Asymptotic
convergence of 1(t) — 1)4(¢) to zero is resulted from that of g.(t) to zero.

We now show that the closed loop system (65) is locally exponentially stable at the origin. Since we have
already asymptotic stability of the close loop system (65), there exists a time T" > ¢ such that A(vy (t)) < A(m14(t)+
€0, 0(M1e(t)) = M1e(t), and o (v1(t)) = v1.(t), for all ¢ > T. From these observations, local exponential stability
of the closed loop system (65) follows.

Finally, boundedness of all other aircraft’s states follows directly from the proposed smooth control design
and boundedness of 11, (t), v1.(t), and the reference trajectories and their derivatives. (]

v1(t) are continuous. The aforementioned arguments imply from (88) and (89) that lim;_, o, (fy

C PROOF OF LEMMA 5.1
To prove the first inequality of (74) in Lemma 5..1, we differentiate the disturbance observer error d,. along
the solutions of (73) to obtain

d, = —-Kd. +d. 91)
Consider the function
1
Ve = 5llde|?, (92)

whose derivative along the solutions of (91) satisfies

V,=—-d'Kd, +d’d,
&, (93)

< Mo (K _SM
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where dj s is defined in Assumption 5..1.1. The last inequality of (93) can be written as
d d? d?
— (Vo= =M ) < N\ (K)(V, — 1), 94
(" mti) < (V- gt oY
Solving (94) gives

2
d 1M

— t>1tg >
2/\,2n(K)’v 2 to 20, 95)

d?,, B B
Ve(t) < <Ve(t0) — 2)\21?}{))3 Am (K)(t—to) +

which gives the first inequality of (74) by using the definition of V. in (92) and the initial condition &(ty) defined in
the third equation of (73) implies that ci(to) =0.

To prove the second inequality of (74), we differentiate the disturbance observer d defined in the first equation
of (73) along the solutions of the second equation of (73) and (72) to obtain

d=-Kd- Kd. (96)

Consider the following function
1, -
v =3ldl?, 07)

whose derivative along the solutions of (96) satisfies

V =-d'Kd+d'Kd,

22, (K) (98)
< A (KW + ZM2_ L g2
— ( ) + 2)\m (K) M>»
where dj; is defined in Assumption 5..1.1. Solving the last inequality of (98) gives
A2 (K) A2 (K)
V() < to) — SMATE) g2 ) o= Am (K)(t—to) 4 MY/ g2 >t > 99
()(V( 0) 2)\3”(1—{) M )€ +2)\%L(K) M> v = [)70, ( )

The initial condition & (o) defined in the third equation of (73) implies that d(to) = 0, which results in V (t,) = 0.
Substituting V' (¢9) = 0 into (99) and using the definition of V' in (97) result in the second inequality of (74). O
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