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This paper presents a distributed receding horizon coverage control algorithm
to control a group of mobile robots having linear dynamics with the
assumption that the robot dynamics are decoupled from each other. The
objective of the coverage algorithm considered here is to maximize the
detection of the occurrence of the events. First the authors introduce a
centralized receding horizon coverage control and then they introduce a
distributed version of it. To avoid the common disadvantages that are
associated with the centralized approach, the problem is then decomposed
into several RHCC problems, each associated with a particular robot, that are
solved using distributed techniques. In order to solve each RHCC, each robot
needs to know the trajectories of its neighbors during the optimization time
interval. Since this information is not available, an algorithm is presented to
estimate the trajectory of the neighboring robots. To minimize the estimation

Receding horizon control
Stability

error, a compatibility constraint, which is also a key requirement in the
closed-loop stability analysis, is considered. Moreover, the proof of the
close-loop stability of this distributed version is provided and shows that the
location of the robots will indeed converge to the centroids of a Voronoi
partition. Simulation results validate the algorithm and the convergence of
the robots to the centroidal Voronoi configuration.
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1. INTRODUCTION

Application of multi-agent systems for controlling a group of robots has gained a significant
attention in recent years due to considerable advancement in computer technology. Researchers have shown
that multiple robots could potentially accomplish a task more efficiently than a single robot. In a multi-agent
system, several autonomous agents are simultaneously coordinated and controlled in order to achieve a
common system objective. The underlying assumption is that in multi-agent systems, the agents are
distributed in a predetermined fashion and each agent will act autonomously while exchanging local
information with neighboring agents [1], [2]. Furthermore, it has been established that the distributed control
approach among autonomous agents provides a better scalability and improved tractability than centralized
approaches.

With the progresses made in real-time optimization-based control, some researchers have suggested
new distributed control algorithms in an attempt to manipulate constraints in real-time [3], [4]. One major
factor for consideration in developing reliable distributed control algorithms is location of nodes for the robot
network in the mission space. This is referred to as the coverage control or active sensing problem [5], [6].

The deployment location of the mobile robot must provide for maximum information retrieval,
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satisfactory communication level, and effective energy consumption [7]. Similar to challenges in facility
location optimization such as static problems, an offline scheme can be implemented to determine coverage
control by deploying the robots in an optimal location that will not require mobility. As an alternative, in a
coordinated-movement dynamic scheme, the mobile robots can be deployed into a geographical area with the
highest information density. However, due to similarities between facility location and coverage control
optimization, issues regarding robot deployment have been studied using facility location optimization [5].

It has been determined that the level of sensitivity and the domain of coverage of mobile robots in
their deployment location is essential to the overall efficiency of the system network. It involves a
comprehensive coverage metric encompassing an optimized sensing performance and placements of mobile
robots [5], [8]. Researchers have used Voronoi partitioning of the region model to reduce challenges of the
locational optimization [9]. The focus of the original algorithm, for an optimal mobile robot placement, was
on coordination and control of mobile robots, leading to the development of more enhanced formulations and
coordination algorithms by other scholars [5], [8]. As such, during recent years, formulating a cooperative
control design among distributed agents assigned to a specific task that can navigate autonomously without
collision has received significant attentions [1], [10].Consequently, the concept of coordination and control
algorithms for networked dynamic systems has become a central focus for researchers in systems and control
arena, drawing overwhelming attentions [5], [11]. For example, Dunbara and his colleagues have suggested a
design for formation pattern in a multi-agent system based on receding horizon control [12]. Meguerdchian
and his colleagues have purported centroidal Voronoi configuration as a solution to problems associated with
area of coverage in a way that clarifies the issue of coverage control. They have presented their algorithms in
a centralized manner as a practical approach and as having a possibility for application [16]. Cortes and his
associates [5] have suggested a decentralized coverage control algorithm for multi-robots in an area in a way
that the mission space is partitioned in Voronoi cells. From this perspective, which is considered in this
paper, they have discussed sensory control issue which in fact is the problem of locational optimization for
Sensors.

While significant results have been achieved, there is still room for new ideas and further
improvements. This paper presents a distributed receding horizon coverage control (DRHCC) algorithm for
controlling a group of mobile robots having linear dynamics with the assumption that the robot dynamics are
decoupled from each other. The algorithm will provide for maximum event detection through confluence of
robots position to a centroidal Voronoi Configuration. The proposed algorithm ensures enhanced coverage
and stability.

Concepts exploited for theoretical framework include Locational optimization, receding horizon
control, distributed coverage control, centroidal Voronoi partitions and are briefly discussed in the next
section. Centralized receding horizon coverage control (CRHCC) approach for a group of linear mobile
robots is presented in section 3. Using the results of this section, the distributed receding horizon coverage
control (DRHCC) algorithm is given in section 4. In section 5, stability analysis of closed-loop system is
studied and it is proved that by using suggested DRHCC algorithm, the closed-loop system is stable and will
converge to centroidal Voronoi configuration. Section 6 presents simulation results that validate the
algorithm and the convergence of the agents to the desired configuration, and finally, section 7 summarizes
the main results of this paper.

2. BACKGROUNDS

2.1. Locational Optimization

This section presents some facts regarding the method used to describe coverage control for mobile
sensing network in [5] and in the framework of locational optimization presented in [9] which underpins
coverage algorithms depicted in Voronoi diagram.

Assume that S be a convex space in R% and P = (1., P ) be the location of n mobile robots, i.c. p; €S

denotes i robot position. Furthermore, assume that movement of each robot is confined in S and
W ={W,,..,W,} is a tessellation of S such that I (W) I (W j)=%<. 1(.) denotes interior space of each W;

and n W; =S . So, it is supposed that each agent i is only responsible to cover its domainW; To obtain
iop i pp g Y 1ESp i

the probability of an event occurring at a point in S, the mapping @#:S —R" is defined. Note that in this
sense, ¢ is the distribution density function. As robot i moves further away from any given point S inside the

mission space S , its sensing performance at point s taken from i sensor located at p; eW; reduces with the
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distance d (s, pi)=||s— pi || because of noise and loss of resolution. This reduction is defined by function

+ + . . .
g:R" —>NR". As a measurement for system's performance, coverage cost function is described as

n n
IPW)= Y 3 (W)= [ g(d(s, pg(s)ds, (1)
i=1

i=lw,

where J is a differentiable function. Note that the cost function J must be minimized in regards to location
of robots and partition of the space.

2.2. Centroidal Voronoi Configuration
A collection of points P:{pl,..., pn} generate Voronoi Diagram which is defined as

V ={,,..,V,} and Vj that commonly is referred to as Voronoi domain or Voronoi cell associated with point
pj are defined by

Vi ={seS:d(s,p)<d(s.pj).¥j =i}

The above definition is commonly used to describe Voronoi partition [5], [9]. Voronoi partitioning is one of
the important tools in localization optimization theory.

Definition 1 [13]. For robot i all neighboring Voronoi robots (meaning Nj;) are described as collection of
robots with a shared Voronoi cell border. Based on definition of Voronoi partitioning we have

miniel,...,n g(d (S> Bi )) = g(d (S’ B ))

For each s eV;accordingly,
I(P.V(P) = [ mincr_q 9(d(s, PM(S)Is @
S

To continue, the two results presented in [5] are reviewed.

Proposition 1 [5]. One of the necessary conditions to minimize (1) is that W partitioning must be equal to
Voronoi configurationV (P).

According to (2)

2 g(d(s. py)d(s)ds

ady (P) _ a3 (pi-Vi) :J‘
op; V; 0

opj
So, partial derivative of Jy with respect to i ™ robot is only associated with position of the robot itself and its

neighbors. Next, we discuss some of the concepts associated with Voronoi diagram. In [5], the (generalized)
mass and first moment (not normalized) and center of Voronoi cell are defined as

Lvi :Ivi s¢(s)ds
My,
Y J.vi #(s)ds

My, =fv_ #(S)ds. Ly, = jv_ sg(s)ds, Cy, = 5

Using the above definition and proposition and letting g = %"s - P || , we have
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P [ o _ _ o
o b 8pig(d(s’ Pi)#(s)ds = My, (p; —Cy.) )

Thus, the local minimum points for the locational optimization cost function Jy are centroids of Voronoi

cells. In other words, to minimize Jy; , each robot must not only be a generator point of its own Voronoi cell
but also must be at the center of the cell [5]. Accordingly, the critical partitions and points for J are called

centroidal Voronoi partitions. We will refer to a robots’ configuration as a centroidal Voronoi configuration
if it gives rise to a centroidal Voronoi partition [5].

2.3. Receding Horizon Control (RHC)

RHC is an optimization approach that can be used for systems, even if some constraints on states
and inputs exist. In RHC, the current control law is obtained by solving a finite horizon optimal problem at
each sampling instant. Each optimization generates an open-loop optimal control trajectory, and the first
portion of this optimal control trajectory is applied to system until next sampling time [4], [15].

The contribution of this paper is using RHC (the state space-based model predictive control) in
order to coverage an environment. Therefore, first we suggest centralized receding horizon coverage control
and then this centralized approach will be extended to a distributed approach.

In the sections that follow, the RHC approach is used to drive a group of n mobile robots at
centroidal Voronoi configuration.

3. CENTRALIZED RECEDING HORIZON COVERAGE CONTROL (CRHCC)

The cooperative receding horizon coverage control approach for multiple linear mobile robots is
proposed in this section. The objective is to asymptotically force a group of n linear mobile robots toward
centroidal Voronoi configuration in a cooperative manner using receding horizon control. To do so, let
Pt)=(p;,...Pn) be a n-vector whose elements are robots’ position, i.e. Pj(t)=(X;(t),y;(t)), and

Cy =(Cy,,...Cy, ) be a vector of Voronoi cells centroids. The overall system dynamic can be described as
P(H)=u(t), t=0, (5)

where P(0) is known and P(t) e R>" and ut) e %" are state and input vectors respectively. It is assumed

that there exist some constraints on state and input, i.e. P(t)eN" and u(t) e U™ where 8" and U" are the
state and input constraints sets respectively.

Assumption 1.
U is a compact and a connected set that contains origin in its interior

Each robot can measure all of its states.
The computational time is negligible

The coverage algorithm proposed in this paper is based on Voronoi diagram. Aurenhammer has
shown that the dual of Voronoi diagram is Delaunay triangulation which lies under graph theory concept
[13]. To proceed, the coverage problem is investigated using graph theory.

Lemma 1 ([13] Lemma 2.4). Two points of P in Voronoi diagram are connected with a Delaunay edge, iff
their corresponding Voronoi cells are adjacent.

These two points (or robots) are called neighbors.
By drawing robots’ Voronoi diagram and its corresponding Delaunay graph, the set of robots’ positions can
be shown with a graph where its vertexes are robots position and its edges are connecting segment between

any two neighboring robots. We denote the coverage graph topology byG =(V,E),V = {1,...,n}, EcVxV.
Each edge in graph is illustrated with an ordered pair (i, j) € E, where i, jare any two neighboring robots.
Our coverage graph is assumed to be undirected. Hence, (i, j)=(]j,i). Robots i, j are called neighbors if in

the coverage graph (i, j) € E . The set of neighbors of i™ robot is denoted by Nj <V . Each element of Eis
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denoted by e;. Accordingly, E = {el Ty } , where M is the number of Delaunay edges.

To proceed, we need to define the proposed notion of *‘coverage vector" and "coverage matrix". Before that
we define the desired connecting vector between any two neighbors in a coverage graph, denoted by

dij € 9?2 as

dij =Cv, -Gy, ©
This vector has the following property
dij =—dj; (7

Definition 2. ""coverage vector" and "coverage matrix": the "coverage vector" denoted by COV is
defined as

COV =(covy,...,COV|,...,COV); ,COVpg 415, COVpg o) e REM+)

where

COV|=pi—pj+dij, I=1..,M, (I,j)EE ®)

and

Covpyk =Pk —Cy,  k=1L..n

)

The robots will be in centroidal Voronoi configuration, namely P =G, , when COV =0 . Hence, we can write
the linear mapping from P to COV as:

COV =TP+d, (10)

whered = (..., djj,..,~Cy, ,..) .k =1,...,n, forall (i, j) € E .

We call T as " coverage matrix".
From definition of the coverage vector, we know that

COV =TP+d —if P=C, then COV=0
Therefore

TC, +d =0=d =-TCy (11)

Substitution of (11) into (10) yields:

COV =TP-TCy =T(P-Cy) 12)

Lemma 2. The coverage matrix T used in (10) has full rank and it is equal to dim(P) =2n .

’

n

Proof. Using the definition of matrix T, one can verify that it can be written as T :{ }, where T" is an

identity matrix of size 2n. Therefore the coverage matrix T in (10) has full rank equal todim(P)=2n. 0O

Matrix T' given in the above formulation is a generalized incidence matrix of the coverage graph and can be
obtained from the incidence matrix of the coverage graph by multiplying every element of that matrix by |,
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where |, is an identity matrix of size 2. Furthermore, since our coverage graph is a Delaunay graph, it is
connected [13], and its generalized incidence matrix has a rank equal to2(n—1) .

Definition 3. The centralized receding horizon coverage control cost function is defined as:

t+h,
HPOUON) = [ [ ¢lm@-pj@+di| +£[Pr-cyf +
t (.j)eE
plu)P 10z + o Pt +hy. Py -Cy [ (13)

where &,77, o are positive weighting constants. The first and second terms in (13) are tracking terms, the third
term is a term for minimizing control effort, and the last term is called terminal control cost.

Proposition 2. Using the above definitions and Lemma, we can describe the CRHCC cost function (13)
designed to drive a group of n robots to a centroidal Voronoi configuration by a cost function given by:

t+h,

H(P(t,u(.),hy) = J' ||P(r;P(t))—CV||é+||u(r)||2Rdr+||P(t+hp;P(t))—Cv||é (14)
t

Proof. As it has been proved in [13], a Delaunay graph is connected. Furthermore, as stated before, the
coverage graph considered in this paper is Delaunay and thus it is a connected graph. If the coverage graph
was not connected, it could be separated to at least two sub-graphs. Moreover, the cost function would be
separated in to more than one coupled cost function. Since by Lemma 2 the coverage matrix has full rank,

T Tisa positive definite matrix and hence using (12) one can get
2 2
[cov|® =((P-C,)'TTT(P-Cy ) =|P-Cyr, (15)

We denote Q=¢&T TT,G =0l and R=nl (where | is an identity matrix). Since &,7,0 are positive, the
matrices Q, G, and R are positive definite matrices, and considering G, = CV1 ,...,CVrl , (13) can be rewritten

as:

t+hp

PO = [ [P(E:P@)-Cy [ +[u); de+[Pet+hy: Py -y [
t

which is indeed equal to (14).
Now by using the above concepts, the CRHCC problem can be stated as follows:

Problem 1. CRHCC problem:
Find H*(P(t),h,) = min H (P(t),u(.), hy), with
u()

t+h,

HPOUOp) = [ [PPW)~Cy o +ue)ff dr +[Petny: Py -cy |
t

subject to:

P(8)=u(p)
up el Be[tt+hy],
P(B;P(1) eN =S
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P(t+hp;P(1) € V() :={P eR™:|P-Cy ||é <m0 0} (16)

Note that (16) represents the terminal constraint [10], [12]. Assume that the first segment of the optimal
control problem is solved at time instantty € R, h; is the receding horizon update period, and the closed loop
system that we wish to stabilize at Cy is

P(r)=u"(r),r 21, (17)

where u*(ﬂ;P(t)), p e[t,t-khp} is the open-loop optimal solution of Problem 1. This optimal control
solution is applied to the system untilt+h;, i.e. the applied control to the system in the time interval
Te [t,t + hc) ,0<hg <hgis u*(r) = u*(r; P(t)),r e [t,t +he). The open-loop optimal state trajectory is

denoted as P*(z'; P()) .
Based on the results of CRHCC obtained in this section, a DRHCC algorithm is proposed in the next section.

4. DISTRIBUTED RECEDINH HORIZON COVERAGE CONTROL

In DRHCC approach the objective is to force a group of nrobots to centroidal Voronoi
configuration in a distributed manner using RHC. In CRHCC approach, the control law requires centralized
information and computations. The DRHCC approach proposed in this section, avoids the disadvantages
associated with CRHCC approach.

Let pj € %2 and U € %2 be state and control input of the jth robot, wherei =1,...,n . It is assumed that robots’
dynamics are decoupled from each other and hence their dynamics can be written as:

Pt = (t),t>0, p;(0) given )

To achieve the desired cost function, the coupling that is inherent with the centralized approach is eliminated
by defining n different costs, one for each robot, and only the connections between any given robot and its
neighbors are present. To facilitate the results, the terminal constraint and the terminal cost are assumed to be
decoupled, i.e. G=diag(Gy,...,G,). Furthermore, in addition to previous constraints, a compatibility
constraint is added to ensure that each robot does not move away too far from the trajectory expected by its
neighbors [12]. It will be explained later. It is also assumed that hy,h; are identical for all robots.

Considering (5) and defining P(t) =(py,..., py) and U =(up,...,uy), the overall system dynamic can be

decomposed into N sub-systems having the dynamics given by (18). Accordingly, the objective is to design a
DRHCC for each robot that drives the robot to the centroid of its own cell in centroidal Voronoi
configuration, while cooperating with its neighbors.

Definition 4. The DRHCC cost function for each robot with the objective of reaching its cell’s centroid in
centroidal Voronoi configuration in a cooperative way with its neighbors, is defined as:

t+h,
Hi (PO, OO = [ ] mie) - py(o+dgf + sfpico oy [+
i t JeN; )
Al @F de+[R e+ ho. pio) -Gy (19)

In the newly considered system, the state and the control constraints are separated for each robot, i.e.
pi(t)eXcR2andy;(t) e U = R2.

n
Given R =diag(R;,...,R,), control cost can be rewritten as ||u||§e :Z”ui”zR_, where eachR; =olis a
1
i=1

Distributed Receding Horizon Coverage Control by Multiple Mobile Robots (Fatemeh Mohseni)
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positive definite matrix. To proceed further, the notions of “distributed coverage vector” and “distributed
coverage matrix” are needed. Before that, some notations must be defined.

As stated in section 3, Njis the set that contains the neighbors of the i" robot neighbors. Therefore, there
exists a Delaunay edge between the robot and its neighbors. Let p_j =(..., pj,...) and Cv, :(...,C\,j,...)

where j € N, denote the state and centroid vectors of the neighbors of robot i respectively. Now for each
robot, i, define the following vector:

tov' =(...,CoV} ..., cov‘N \+1

where
covj = p; — pj+dij  1=L..Ni|.VjeN; (20)
cov‘N‘ =P -Cy, 21)
and|N i| is the number of elements in N; . Let the linear mapping from p' = ( Pi, P_j ) toCOV' be written as
tov' =T'P' +d', (22)
where
(T' z("'ﬂdij""’_c\/i)ﬂjeNi (23)
We can now state the following definitions:

Definition 5. "Distributed coverage vector" and "distributed coverage matrix":
For each i robot, the "distributed coverage vector" is defined as:

cov! =(...,cov|i, cov‘N \+1
where

o, =1, N (24)

and

cov/ =cov; (25)

[N [+1 [N |+1

The "distributed coverage matrix" is defined as matrix T!in the following equation
covi:TiPi+di, (26)

where di :(...,%dij,...,C\/i jVJ € Ni and Pi = ( Pi» P_j ) .

Since Q #diag(Qy,...,Qp), the term ¥ is added in (24) in order to satisfy the following equation:

IP- CvHQ

e efoe)
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Note that if robot i and its neighbors be located at their centroids in centroidal Voronoi configuration, i.e.
P' =Gy , then (20), (21) and therefore (24), (25) will be equal to zero. Hence

TiCh +d' =0=d' =-T'G) = cov' =T'P' -T'C) = cov' =T'(P' -C}) 27)

Similar to centralized case, it can be proved that The distributed coverage matrix Thin (27) has full rank and
itis equal to dim(p)=2.

Proposition 3. The cost function given by (19) can be rewritten as

t+h

H;(P'(),u(),hy) = Ip(“pi (f)_c\‘,uz_ +ui@f dr+ |pict+hp: pe) -y, “(23 (28)

t

and
D H'(P'(®).U;().hp) = H(P(),u().hp),
i=1

where H is the CRHCC cost function.
Proof. Using (27), it can be seen that

i|[2 i i
Jood [ <[P ~ci]
N

i-I—iT

Since R =diag(R;....,R,) and G =diag(Gy,....G,) , then by defining Q; = &T'T'T one can rewrite (19) as:

t+h

Hi(P'(D.u()hg) = | p(Hp‘(ﬂ—CHE. Hu @l e+ [picthy; pen -Gy, “;

t

This is indeed (28) which is useful in stability analysis. Now, according to definitions 2 -5, it is concluded
that

n . .
>HIP ().0i().hg) = HP®.UG)hp) |

i=l
i.e. the sum of n distributed cost functions is equivalent to centralized cost function.

Now suppose that n DRHCC optimal problems, one corresponding to each robot, are all solved at a common
time instant called “update time”, denoted by ty =ty +h.k, k €{0,1,...} . As stated in (19), (28), for each cost

function, there is a term that contains connection between the corresponding robot and its neighbors. So, in
every update time, when the local optimal problems are solved, each robot requires to know the state
trajectories of all its neighbors over time interval [t ,t +h,]. But, such information doesn’t exist at instant

t; .Therefore each robot must estimate some state trajectories for its neighbors at [t ,t +hy] and then solves

its optimal control problem. The trajectories that each robot estimates for its neighbors are called estimated
trajectories. Since each robot is assumed to have the information about the dynamics of its neighbors, an
estimated control (defined shortly) is obtained from which the state trajectories are derived. To ensure
compatibility between the actual and the estimated trajectories, an additional constraint called “compatibility
constraint” is added to DRHCC problem of each robot.

Distributed Receding Horizon Coverage Control by Multiple Mobile Robots (Fatemeh Mohseni)
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Definition 6. Estimated control
At every time interval 7 € [tk b+ th , the estimated control for each robot is defined as
{Gi (73 pi (1) =0; it P(t)=Cy
A~ * H
i (73 P (%)) = i (73 pj (fy));  Otherwise

The actual and the estimated state trajectories are denoted by p;(.; pj(tc)) and P;(;; pj(tc)) respectively.

Note  that f; (t; P (t)) = Pi(t; P () = pi(t) , T=1,...,n.
The DRHCC problem can now be stated as follows.

Problem 2. With a given fixed update period time h; € (O, hp) and a optimization period time hy, , for every

i=1,..,nand at any sampling time t and with given U_j(5, p_j(t)), Pi(tc), P_i(t),Gi(S; pi (L)) at
ﬁ € [tkﬂtk +hp] find

H{ (i (t)s p,i(tk),hp)=131(i§1Hi<p‘(tk),ui<.; pi(t).hp),

where
. t+h, 5 5
Hi(P (0.1 ()hg) = | (Zgllpiv)—p,-(r)mijll +&pi@ -0y [+ nlu@fdt+
t QeN;

[R+n.pi)-cy

subject to the following

Pi(B; pi (k) =Ui(B),
Bi(B:pj(t) =0 {(B). jeN;,

U (B pitoN el pi(B; pit) e N,

i (B; i (G ) = Bi (B; pi (8 )| < e, & e (0,0) (29)

pi(t +hp: pi(t)) € i),
where ﬁe[tk,tk +hp],

and

2
‘{’i(ei)z:{pieRz:“pi—C\/i“Gi Sgi,giZO} (30)

where hczlczO.
(29) is called compatibility constraint and (30) is target or terminal set. The optimal solution for each

DRHCC problem is denoted by ui* (73 pi(te)), 7 € [tk,tk + hp] and the closed-loop system where we wish to

stabilize it, is
P()=u'(z). 720, 31)

where u*(r; P(t)) = (ur(r; P (t))s - u: (7; Pr(tc))) . The optimal state trajectory for i™ robot is denoted by
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%
i (73 Pi(t))s 7 €[ ot +hp |-
The augmented optimal state trajectory for
T€e [tk e + th is P*(T; Pt ) =( pik (75 Py (L)), - p: (75 Pn(tc))) . Note that the i robot's optimal control,

ie. ui’k (73 pj(ty)), is dependent on its initial state, pj(y ), and the initial states of its neighbors. In DRHCC

problem, initialization is more difficult. As stated before, each robot has an estimated trajectory atfy. To

solve the optimal problem corresponding to a robot, the estimated control information of its neighbors is
needed. Since the estimated control of each step is assumed to be the optimal control that is obtained in the

previous step, and since prior to f; no optimal problem has been solved, one must define an initialization
method to obtain the estimated control. The time instant that this initialization occurs is denoted by ty —h; .
Algorithm 1. (Initial setting method): at time instantty—h;, we solve Problem 2 with initial state

pi(to —h¢) and with Gj(z; pj(ty —he))=0forallz e [to —hestg—he + hp] and K =+ .
The optimal control that is obtained by solving this problem with the above conditions is the estimated

control for the time interval [to,to + th. k =+ implies that the compatibility constraint is not important
prior to . State and control trajectories that are obtained at ty —h. over interval 7 € [to —he,ty—he + hp] are

denoted by pi* (z; pj (ty —he)) and ui* (7;pi(ty —h¢)). This optimal control is applied to i™ robot over

[to—he.to) -
The proposed DRHCC algorithm is given in Table 1. Some of the advantages of this algorithm can
be listed as follows:

General: As a general rule, the RHC is the only approach in control theory that can employ generic
dynamics and generic constraints [4]. As a result, the algorithm can be extended to other systems such as
nonlinear systems (holonomic and non-holonomic) and it can handle any constraint imposed on the
system.

Near optimal: The optimal position for robots, when maximizing the event detections in Voronoi based
coverage, are centroids of Voronoi cells in centroidal Voronoi configuration. Since, RHC is an
optimization approach that yields an optimal control, the suggested algorithm is near optimal in a sense
that it will force the robots to converge to centroids of Voronoi cells using an optimal control input.

Adaptive: Since the algorithm determines the coverage graph at each update instant, it can accept any
possible switching in coverage graph at that particular update instant. As a result, it can address any
possible change in the network topology such as robot failure or departure.

Distributed: The DRHCC algorithm is distributed in the sense that each robot computes a control trajectory
for itself based on its own and its neighbors information.

Scalable: Scalability is one of the main advantages of distributed approach over centralized case [4], [5]. In a
distributed approach, every robot just needs the information about its neighbors and the average number
of Voronoi neighbors in Voronoi diagram is less than 6 [13]. This makes the DRHCC algorithm
scalable. This property of the DRHCC algorithm will be shown by an example in section 6.

Robust: Robustness is one of the main advantages of distributed approaches [5].

Collision avoidance: The mission space is assumed to be convex. Therefore each Voronoi cell is convex and
contains its own center. Since in DRHCC approach each robot moves towards its own center, no robot
can leave its Voronoi cell and we know that I (V;) 1 (V j) =9 . Hence assuming that the robots sizes are

small, there is no collision between robots.
Stable: Section 5
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Table 1. Distributed receding horizon coverage control algorithm
Name: DRHCC algorithm
Goal: Asymptotically drive a group of n mobile robots toward centroidal Voronoi
configuration.

At instant '[0 — hc every robot:

Al- senses its position and transmits the information about its position to the neighbors and
receives its neighbor’s position

A2- computes its Voronoi regionVi (tO - hc) and centroid of that according to (3)
A3- follows the initial setting procedure given in Algorithm 1

At every update instant tk ,k € N each robot:

BI1- senses its own and its neighbors’ position (or receives neighbors position).

B2- computes its Voronoi regionVi (tk) .

B3- computes centroid of its cell according to (3)

B4- transmits the information about its Voronoi center to each of its neighbor in the system
and retrieves the same information from its neighbors

BS- computes its own and its neighbors estimated trajectory using (18)

B6- computes distributed optimal control trajectory Ui* (73 Pi (tk )) over interval
et +h p] using Problem 2

Over every interval [ty_;,1t ), each robot:

CI1- applies the distributed optimal control trajectory that has been obtained at tk—l

C2- computes its estimated control for [ty , tj + h p] according to Definition 6

C3- transmits its estimated control that was computed in C2 to every neighbors and receives
their estimated control

5. STABILITY ANALYSIS
The stabilization of the closed-loop system (31) is investigated in this section. As stated in section 3,
the overall cost function for the system is given by (14) where

n
H™(P(t),hp) = D Hi (pf (1), P_i(t):hp) (32)
i=1

Proposition 4. All solutions to the equation P*(T) =u'(r ), 7>0 which P" = Cy are equilibriums of the
system (31).

Proof. If each robot is located at Gy at time ty—h., i.e. P(ty—h.)=GC,, then the optimal solution for
Problem 2 over time interval 7 e[ty —hg,tg —he +hp] is u*(r,C\/ )=0. On the other hand, using systems

dynamics given by (5), one can write P(t) =0. Furthermore, since every optimal control is applied to the

system until next update time, the estimated control is equal to zero at ty, i.e. Ui(;; pj(ty)) =0 and hence

P(ty) =Cy . Therefore, over interval 7 e[ty,t, +hp], u*(‘r, P(t¢))=0 and hence all solutions to the

equation P*(r) = u*(r )), 720 which P’ = Cy are equilibriums of the system (31).

O
Theorem 1. Based on DRHCC algorithm given in Table 1, the closed loop system (31) converges to
centroidal Voronoi configuration and Cy is an asymptotically stable equilibrium point for the closed-loop
system, with N as its region of attraction.

Proof. Since the mission space is assumed to be convex, each Voronoi cell is also convex and contains its
centroid in its interior. Consequently, each robot always moves inside its cell and therefore never leaves the

mission space S . Assuming Problem 2 is feasible at initialization, Uj(7; pj(ty —h.)) is an admissible control

over7 €[ty —h,ty —he +hy]. Presuming that all robots are located inside S at ty—Nc, then at times

ty—he+h <7 <ty—h; +hy the state and control trajectories are admissible and as a result for all time
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instants after initialization, they are admissible as well. Therefore, ¥ is a positively invariant set meaning

that the closed-loop state trajectory for all t >ty —h, is contained in the interior of .
Now let V =H *(P(tk ):hp) where V is a Lyapunov function. From (28) and (32) and given the fact that

G; 20, one can deduce that H *(P(tk ),hp) is a non-negative function. If H *(P(tk ),hp) =0, then based on
* 2

(28) and (32) for every robot “ pi (t +hp, Pi(t)) — Cy, “G =0

and

t+hy

.[ gz “pi*(f, pi(t) - Pj(z, pi(tk))+d”H2+
t

jeN;
elpi @m0~y +auf e mce| dr =0

Since the function under the integral in (28) is piecewise continuous and non-negative over time interval
[t.t +hp], one can write

" . 2 " 2 * 2
> [oi @m0 0y 0+ | el mictn -y [ ol e mto)]| =0, Ve eftotehy |
jeN;
Hence, u*(r, P(t))=0 over the interval 7 [t t +h,], and given the fact that Gj is a positive definite
matrix then pi* (t +hp, p; (ty )):CVi. Note that the system dynamics given by (5) is time invariant and
therefore with initial state P(t, + hp) =Cy and controlu(f)=0, Be [tk + hp,tk J, one can write

P(B)=C, . Therefore, over interval z e [t,t, + hp], the optimal closed-loop state is P*(r; Pt)) =G .

Furthermore, with P(ty ) =G, , using Definition 6 over time interval z e [t ,t, + hp], the estimated control is

Ui (7, pj(t)) =0, and hence f;(z; p; (t)) = Cy, - Since, the DRHCC cost function is denoted as

ti+hy

I gz “Pi*(fa Pi(tk))—qj(r,qj(tk))+din2 +§“pi*(r, pi(tk))—cvi”2+
b

jeN;

. 2 . 2
U”Ui (z, pi(tk))“ dT"‘O'“pi (t +hp, Pt ) - Cy, ”

and because p; (t; ) = Gy, , the optimal solution to Problem 2, over time interval 7 & [ty ,t; +hy ], and for every
robot are ui* (z; pj(t)) =0and pi* (73 pi(tc)) = Cy, . Hence, since for every robot Hi* =0, based on Proposition
3 the total cost is H *(P(tk ),Np)=0. Consequently, H *(P(tk),hp) >0 everywhere except at P(t,) =Gy,

where H *(P(tk ), hp) =0. Therefore H' is positive definite. Since H " satisfies the following

ti+hy

H' P =Y £ [ mitor - pycepyce+y [+
i=l1 je i
* L :
Cf”pi (z, pi(tk))—Cvi” +77“Ui (, pi(tk))“ dr+ “pi (tk+hpapi(tk))_CViHGi (33)
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Therefore
AV :V(tk+1)_v(tk): H*(P(tk+1),hp)— H*(P(tk)’hp):
n tk+l+hp§ i
[; tj ngj: Hpi (7, Pi(te1))— Bj(z, pj(tk+1))+dij“ +
- k+1 i

2
‘ dr+

* 2 *
5“ Pi (7, Pi(%41)) = Cy, “ + ’7“Ui (7, Pi (t41))

O'“ pi*(tk+1 + hp» P (tk+1))_cvi “2]_
ti+hy

> £3 [ mitor-py(epicu ey +

i=1 t, jeN;
* 2 * 2
f“pi (Tspi(tk))_cvi” ""77“Ui (T,pi(tk))” dr+

U” i (t +hp. i(t) —Cy, ”2] (34)

Since ui* (7, Pj (t41)) is an optimal control that minimizes H; (P(ty ), hp) one can write

ty,+h
H"(P(tkﬂ),hp)sikj p%zum (5. D1t~ B (5. D e )+ 5+
i=1 jeN;
tq  JeN X i
f“lﬁi (7, Pi(tk+1)) - Cy, ” 77”0i (7, pi(tk+1))‘ dr+
O'” pi (tk+l + hpn P (tk+1 ))_CVi “2
According to (34)
H™(P(t,1).hp) = H (P(t),hy) <
n tk+1+hp )
[ £33 pittan = by pi e+ d | +
i=l g, jeN;
§H Bi (7, Pi (k1)) = Cy, H2 +17)(0; (7, Pj (1)) ‘2 dr+
O'H Pi (i1 +hp, P (i) —Cy, “2 -
t.+h
[ikjpgzup?(r, PiCt) B3 (e. Pyt + oy +
i=l f jeN
eloi -Gy |+ e et e+
O'” pi (t +hp, pi(t)) —Cy, HZ] (35)

Since G =diag(G;,....Gp,),P = (Py,.... By)
it is concluded that
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n

Izz;,“ Pi (k1 +Np3 P (1)) —Cy, H; =||I5(tk+1 +hp;P(tk+1))—CV||é,

n

2 tim-o4 |, =[P -l

and using Definition 6, (36) can be rewritten as:

H™(P(ts1)hp) = H(P(t).hy) <
tk+hp

Y [ 3] pittaan b3 it [+
i=l tesl j eN;
o @ pitten -y [+l e mictn| de+
tiat+hy
Zj 3 | e - By P+ [+
i=l t+h, —JeN;
f” Pi (7, Pi (tk+1)) CV “2 +77H0| (7, P (tk+1)) ’ dr—
> Tﬁ > [oi 2. 36— by et g+
i=1 t, " jeN
loi e mttn -y [+l @ w61
t+h
[Zn)kjp§Z\\p?<r, pi(tk»—p,-(r,p,-(tk))+di,-uz+
i=l g, *jeN

eloi -Gy ||+l e et a1+
[Pt o3Pt - - [Pt +hpsPs -y | =

n tk+hp
Z j Z“Q (7, pi (k1)) = Pj (7, pj(tk+1))+dlj“
i=l ¢, j eN;
]t e mite) -Gy |+ @ e dr-
Zn)kj Zup. (e, PiCt )~ B (e, Pt + g+
i=l ty je
éloi e pittn -y [ +alui @ et a1
ti+hy
[Zj ZHp. (z Pi(t)) - (7, p,(tk>>+d.,H
i=1 tyss j

éloi e pittn -y +alui @ et a1
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tk+]+hp

J

tk+hp

Q is the weighting matrix in CRHCC and Q* =diag(Q;) .
Likewise, according to Definition 6

(37

p>

Bi (7, Pi (ki) = P (7, i (50)), Gi (7, P (t) = Ui (7, Py ()

Therefore
n Wthp
D[ EX b pittean - by Pyt +
i=1 ts jeN
§“ Pi (7, Pi (1)) —Cy, ”2 +’7“0i (7, pj (tk+1))“2 dr—
ti+hy
[ij 3 i mtn - pycepis+ i+
i=l g, ]eN,

. 2 . 2
eg“Pi (z, pi(tk))_cvi“ +77”Ui (, pi(tk))“ dr]=
i‘k]“p ACEICORAN I EACNCACS )Y
i=1 pi(, Pt ) ~Cy | Pi(z, P-i(t)) - Cy,

1= tk+1

.T . *
where Q =T 7' SinceQ™ >Q,

H™(P(t;1).hp) —H ™ (P(t),hp) <

tk+1

—[Zn:f ZHp. (5. Pii0) - by By )+

i=1 ty Je i

® 2
£pi e mitor-cy | dr1+

itk]“p{p?(r,pi(tk»—cvi] _{p?‘(r,pi(tk»—cvi ]
= Q Q

=1 g, |LP-i(® Pit)) -Cy p_i(z, pi(t)—Cy
Now, using the definition of matrix Q; , one can verify that it can be written as

i:{QiTl Qiz} Qile‘RZXZ, Qizesyzxz“\‘i‘, QBesﬁz‘Ni‘Xz‘Ni" where|Ni|:Ni—1.
Q2 Qis

According to the fact that for a given vector V=(V},Vp), [v]|<|v{|+|v2| and according to the fact that in

Voronoi partition | Pi | < Pmax and using compatibility constraint, the above inequality can be written as
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H™(p(ts1).hp) —H (p(t ), hy) <

n tk+1

NN AR JCUTIRA
i=l f, " jeN;

* 2
| e pitor -y | der+

n
2 nax (QKPmaxhphe D Nj(N; 1) (38)

i=1

At time =1, pi* (te; Pi () = Pi(te) and P_j(te; p_i(t)) = p_ij(tc), and according to definition of
coverage matrix one can write

N;
i[ZII b= pj @)+ dg| + & i) —Cy [ 1= pt ¢y [

i=l j=1

So, atany k e N

H'(p(s),h,)—H'(p(t).h,) <[

p'(7: ) -Gy [ dr. s bt

Applying this recursively gives the result for any t >t) and any t'e(t,o0]| where

t

H'(p(t),h,) = H'(p(t),h,) < -

t

p'(0)-C [ dr,

for any times t, t' with ty <t<t'<oo.

Given g >0, chooser € (O,a] such that the closed ball

B(Cy.1={Pen”||P-Cy|<r|
Is a small region around Cy . For facility V (P)is denoted by H *(P, hp) . SinceV (P) is continuous at P =G,
and V (P) >0 for all P # Cy , there exists a& € (0,00) such that

a min V(P)

<
[P Jer
Define the level set of V (P), by contradiction it can be shown that
Z,={PeB(Cy.,nN|V(P)<al,
which is a subset contained in the interior of B(G,,r) . Because V (P) is monotonic,
V(PM) <V (P(ty)) < B, vtz

So, Z,, is a positively invariant set for the closed-loop system (31). Since V(C, ) =0and V (P) is continuous

at P =G, , there exists a constant7 € (0, r) which
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[P(t))-Cy | <n=V(P(ty)) < a =V (P(t) <a=|Pt)-Cy | < ¢

Thus, Gy is a stable equilibrium point of the closed-loop system (31). Since o=V (P(1y)) and 0> -V (P())
by induction, it can be shown that

V<P<to))—V<P(oo))zTHP*m—cvHgdr:azofup*@—cvug
) )

Therefore, the infinite integral above exists and is bounded. Let; < be such that P(t) belongs to the
compact set {"P(t) -Gy || < gol} for allt e [to,oo) , known to exist because of the strict inequality bound by ¢
shown above. Since u*(t) is in the compact setU" for allte[to,oo) and from (5), it is clear that P(t) is
continuous in P and U, we have that P(t) is bounded for allt € [tO,oo) . So, P(t)is uniformly continuous [14]

inton [ty,0). Since||P-Cy ||2Q is uniformly continuous inPon the compact set {"P ~Cy| <1},

[Pt)-Cy ||é is uniformly continuous inton[ty,). SinceQ >0, from Barbalat's Lemma [14] it is

concluded that

[P®)-Cy|| >0 ast > o

Thus, G, is an asymptotically stable equilibrium point for closed-loop system (31) with region of attraction
Z
Now, for anyP(ty) €N, there exists a finite timeT'such thatP(T')eZ,, which can be shown by
contradiction as follows. Suppose P(t) ¢ Z,, for allt >1t;. SinceV(P)>0andQ >0, from equation (40), for
allt>1,,

o -

t+he 5
V(P(t+h) -VPR)<- | HP"(r)—chers—m-inf{HP—CvHé|Peza}Shc
t

By induction, V(P(t)) > —c ast — oo ; however, this contradictsV (P(t)) > 0. Therefore, any trajectory
starting in X enters Z,, in finite time. Finally, since ¥ is a positively invariant set it is a region of attraction
for the closed-loop system (31). Moreover, for any P(t) € X, by absolute continuity of P(t") int'>t;, it can

always be chosen a small neighborhood of P(t) in which the optimization problem is still feasible. Thus, N
is open and connected.

6. SIMULATION RESULTS

The proposed DRHCC algorithm has been numerically simulated using three different scenarios for
20 linear mobile robots having the dynamics given by (18). In the first scenario, the event density function is
assumed to be uniform denoted as ¢(S)=1. It is also assumed that the robots are initially distributed
randomly in the mission space as shown in Figure 1-(a). After 0.8 second, the robots converge to a centroidal
Voronoi configuration shown in Figure 1 (b). The Robots’ paths are shown in Figure (1)-c and Figure 1-(d)

shows the gradual reduction of H *(P(tk ),h p) towards zero.
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Figure 1. Simulation results by applying DRHCC algorithm to a group of 20 mobile robots in an environment
with uniform density of events

In the second scenario, 20 robots are distributed in an environment with a Gaussian events density function

equal toe

—[(x=0.8)>+(y—0.8)*]

The simulation results for this scenario are shown in Figure 2. Figure 2-(a)

shows the Gaussian density function. The initial random distribution of robots in the mission space is shown
in Figure 2-(b). Final configuration is shown in Figure 2-(c). The Robots’ paths are shown in Figure 2-(d) and
Figure 2-(e) shows that DRHCC algorithm causes the robots converge to a centroidal Voronoi configuration
with nearly zero total cost value. As expected, convergence to centroidal Voronoi configuration presented in
section 5 has been validated.
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Figure 2. (a) Gaussian density function (b) Initial configuration for 20 linear mobile robots in an environment
with Gaussian density of events (c¢) Final centroidal Voronoi configuration for 20 linear mobile robots in an
environment with Gaussian density of events (d) Robots’ trajectories (¢) DRHCC total cost function.

In the third scenario, the scalability of the DRHCC algorithm is shown. In this scenario, 50 mobile

robots are distributed in an environment with a Gaussian events density function equal to
similar to previous scenario. The simulation results for this scenario are shown in Figure 3.

IJRA Vol. 3, No. 2, June 2014: 84 — 106

o 1(-0.8Y+(y-0.8)’]



IJRA ISSN: 2089-4856 ] 104

initial robots configuration final robots configuration
100 - 100
80 "' 80
60 ‘- 60
o (10
¢ g
T 40 740
20 20
0 0
] 50 100 0 a0 100
¥ as ¥ as
(a) (b)

robots trajectory

¥ 104 DRHCC total cost function
O T T T

8 ...................................................
=
o
§ B
z
2 4 .....................................................
=
§=]
2 L
0 . N -
0 50 100 0 02 04 06 0.3
® motion{cm) time (sec)
(© (d)

Figure 3. Simulation results by applying DRHCC algorithm to a group of 50 mobile robots in an environment
with Gaussian distribution density function of events

7. CONCLUSION

In this paper, the authors proposed a distributed receding horizon coverage control algorithm for
controlling a group of linear mobile robots, with a focus on network convergence and stability. In the
proposed algorithm, the dynamics of every mobile robot was assumed decoupled from each other and by use
of graphs for analysis, the authors proved system’s stability. The objective of the coverage algorithm
considered here was to maximize the detection of the occurrence of the events. Simulation results validated
the algorithm and convergence of the robots to the centroidal Voronoi configuration.

The proposed approach can be extended to time-varying environments (e.g., consider a time-
varying distribution density function), systems with non-negligible computational time (time delayed
systems), unknown environment, non-isotropic sensors and sensors with nonlinear dynamics and multi-
agents coverage based formation control.
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