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1. INTRODUCTION

MEMS based inertial sensors have enabled the use of inertial technology in many applications that
were not feasible in the past due to size and cost constraints. However, due to immaturity of this technology
the performance of these sensors is limited which requires some non-traditional algorithms for improving
their performance and reliability [1]. Nowadays a single-chip GNSS receiver are available in the market,
which are being increasingly utilized in many navigation applications [2].The integration of GNSS and
MEMS INS offers a very low cost, light weight and sufficiently accurate and reliable solution for navigation
applications [3]. There are three main observables related to the GNSS called pseudo-range, carrier phase and
Doppler measurements. These observables are used as a periodic updates to the INS for error estimation
using the technique of optimal Kalman filtering. GNSS carrier phase measurements provide very accurate
attitude, velocity and position data compared to the code phase and Doppler measurements. The attitude
determination uses relative carrier-phase positioning between multiple antennas mounted on the same
vehicle. GNSS attitude is very noisy, but does not drift, making it highly complementary to INS attitude and
a solution to the heading calibration problem that occurs for some INS/GNSS applications [4]. By combining
a lower precision MEMS INS with multiple antenna GNSS, a precise and stable attitude solution may be
obtained. The inertial attitude solution can also aid the GNSS ambiguity resolution process by significantly
reducing the search space. With a short baseline, the inertial attitude may completely resolve the ambiguity.

A full GNSS attitude solution requires three or more antennas. However, two antennas is sufficient
for INS/GNSS where conventional INS/GNSS meets the roll and pitch accuracy requirements [5]. The
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accuracy of INS/GNSS attitude determination depends on the quality of the inertial sensors and the antenna
separation. Longer lever arms produce more precise GNSS attitude measurements but can be subject to
flexure [6,]. Generally, in the integration of INS/GNSS, the small angle approximation is applied to the
attitude errors. This is usually valid for the roll and pitch attitude, which may be observed through levelling.
However, the heading (or azimuth) angle is more difficult to find for initialization of the integrated system.
Higher grades and expensive INS are only capable of gyro compassing. Similarly precise velocity and
position can also be obtained from carrier phase measurements. Accurate velocity measurement plays an
important role in many navigation applications such as automatic guidance and control of an unmanned aerial
vehicle (UAV) and calibration of inertial navigation systems [7].

Conventionally a GNSS receiver estimates velocity by differencing two consecutive positions or by
using Doppler measurements relative to receiver—satellite motion [8]. Doppler based velocity is the most
widely used technique and usually has m/sec accuracy, while the velocity obtained differencing consecutive
positions from single point positioning has an accuracy one order of magnitude larger. When a greater
accuracy is required, velocity can be estimated by processing differences of consecutive carrier phase
measurements, which enables accuracies at the mm/s level. The carrier phase ambiguity issue usually limits
the use of this observable, but the time-differenced carrier phase technique overcomes this problem.
Differencing two consecutive carrier phases greatly reduces the effects of various common mode errors
between the measurements allowing very accurate velocity estimation. A limitation of carrier phase
measurements is the reduced solution in harsh situations such as urban canyons because of the 4 satellites
availability requirements [7].

The aim of this paper is the mathematical modelling for the estimation of attitude, velocity and
position from GNSS carrier phase measurements and their performance analysis with INS through simulation
results. The data of the two systems is fused through linearized Kalman filter using a loosely coupled
approach. Simulation results for a lower grade MEMS IMU (STIM300) augmented with GNSS are produced
to show the enhanced improvement in the navigating parameters.

2. INS ERROR MODEL

To transform the IMU and GNSS data to the user required navigation parameters, the relationship
between different coordinate frames must be properly modelled. Each frame is considered as an orthogonal,
right-handed co-ordinate frame. Definition of the frames used in this paper for the INS mechanization, error
analysis and integration of INS/GPS are given below [4], [9-10].

a) Inertial frame (i-frame)

b) ECEF (e-frame)

¢) Body frame (b-frame)

d) Navigation frame (n-frame)

Inertial frame (i-frame) has its origin at the centre of the earth and is non-rotating with respect to the
fixed stars, as shown in Figure 1. Earth Centred Earth Fixed (ECEF) frame (e-frame) is a coordinate frame
which has its origin at the earth’s centre of mass and has axes which are fixed in the earth. Navigation frame
(n-frame) is a local level geodetic frame having origin at the mass centre of navigation system. East-North-
Up (ENU) frame is chosen as a local level navigation frame in this paper. The body frame (b-frame) has
origin coincident with the navigation frame and has three fixed axis defined as x-(right), y-(forward) and z-
(up). For angular motion, x is the pitch axis, y is the roll axis and z-axis is the yaw axis. A linear error model
of INS developed in n-frame is used to investigate the performance of the INS/GNSS integrated system using
the carrier phase measurements of attitude, velocity and positions. Linearized error equations of attitude,
velocity and position are given below [11].

Figure 1. Inertial frame (i-frame)
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Where  ¢=[¢ ¢, 4 ]is the attitude error; OV =[SV, Sv, 6V, ] and

op= [5L oA 5h]T are velocity and position error vectors; ¢ andV are gyro drift and accelerometer
bias errors which are assumed to be constant

b [ ) . T:0
. [g.x K gz.] . @
V=V, v, V,] =0

GNSS attitude, position and velocity parameters and their corresponding measurement models are
derived in the following section. Accurate attitude determination of a body has been a challenge for precise
navigation. Three non-collinear antennae are installed on the vehicle with known base line vectors in body
frame, as shown in Fig-2. The relative carrier phase measurements produce the base line vectors between the
antennas in ECEF frame [4]. The carrier phase measurements of the base lines vectors and the known base

lines in body frames are processed to obtained the attitude matrix C, as

r"=Ccir’ ®)
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Where r®and r"are constructed from vectors basis as

b b b bl
o T r12><r23] (6)

.
n n n n
o Ty M X rzs]

r=[ 7)
Carrier—phase measurements give the vectors in ECEF frame which can be transformed into the n-
frame as

r"=C]'r° ®)

Where Cen transforms the vector from ECEF frame into navigation frame which can be calculated
from precise GPS position as

sinA cos A 0
C. =|-sinLcosA —sinLsinA cosL 9)
cosLcosA cosLsinA sinL

The attitude matrix C,' is then computed as

Antenna 3

Antenna 1

(41

S\

Antenna 2
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Figure 3. GPS Carrier Phase

Cy =r"(r") [r°(r")' 1" (10)
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Thus pitch, roll and yaw angles of the vehicle are

0 =sin"'[C] (3,2)]

y =arctan 2[-C, (3,1),C; (3,3)] (11)

w =arctan 2[-C,' (1,2),C,'(2,2)]

Generally, the derivate of receiver position is used to estimate the velocity of the vehicle which is

very inaccurate method. Time-differenced carrier phase measurements at two successive epochs enables to
estimate the velocity at the mm/sec level accuracy [7]. The pseudo-range measurement ( © ) can be written as

p=d+c(st, —ot)+0,, +E  + T +& (12)

Where d is the actual geometric receiver-satellite range as shown in Fig-3; ¢ is the velocity of
light and Ot , Ot are user and satellite clock errors; O, E.., T,

fon? Eeph+ Itrop are common mode errors as indicated;

& is the receiver white noise. The pseudo range and carrier phase measurements (¢ ) are related as

p=(N+p)xn (13)

Here N is the total number of cycles as shown in Fig-3 which is called the integer ambiguity (1A);
n is the wave length of the carrier phase. Substituting Eg-12 in 11 and doing some rearrangement [12], we

get

@ =d +c(dt, —5ts)+77N—Iion+Eeph+Ttrop+§ (14)

The difference between carrier phase measurements at two successive epochs t; ; and t; as shown
in Fig-3, neglecting the small common mode errors and A [7]

Ap, =Ad +c(Adt, —ASt)+ AL (15)
The satellite clock error is also corrected from ephemeris data
Ap, =Ad +CASt, +AE (16)

All vectors shown in Fig-3 are expressed in ECEF frame. The difference between the receiver—
satellite range at two successive epochs is expressed as

Ad=d(t)-d(t,)

~[r(t;) - b, Tet) ~[r(, ) —b(t, et ;) o
With
. r(t,)—b(t,) )= r(t, )bt ,) ”
[rt)-bee)] Jr(t;)—bit,)]
Where Ad is related to the change in receiver position Ab as [book].
Ad = —e(t,).Ab (19)

Substituting Eg-19 in 16 to obtain the adjusted carrier phase measurement
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Ap, =—€(t;).Ab+cAdt, +AS (20)

.
There are four unknowns; Ab = [AbX Ab, AbZ] and CAOL, in 24, therefore 4 satellites, at

least are required to be visible at two consecutive epochs for accurate velocity estimation. This is the main
drawback of the carrier phase measurements. If there are m number of visible satellites (m > 4) then the four
unknown parameters can be estimated using least square method.

x=(HTH)'H"2 (21)
Where
x=[Ab, Ab, Ab, cét, | .z=[Ap Ag, - Ag] (22)

er(t) e'(t) e 1
e () e(t) ef;) 1

H= (23)
en(t)) en(t;) en(t;) 1
r(t,)
Figure 4. Satellite-receiver
The average velocity of the vehicle is obtained as
Ab
This is the velocity in ECEF frame which can be transformed into the n-frame as
V' =Cl(v,) (25)

Positioning from carrier phase measurements is more precise than from code phase. Accuracy of
centimetre level in position is attainable using the procedure of carrier phase measurements. However, the
integer ambiguity is a critical issue to be resolved for precise positioning [4]. Many techniques have been
researched and proposed to remove this ambiguity. As given in Eg-12, the carrier phase measurement is
modelled as

¢=d+c(5tr_5ts)_lion+Eeph +Ttrop+77N+§ (26)
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Where d is the true geometric range between the receiver and satellite as shown in Fig-3. The
variables caped with “~” and “*” represent respectively the measured and estimated quantities.

d =0 =% )2+ (s~ ¥, ) +(z,~2,)? @7)

U u
Where [Xr Y, Zr] is the receiver’s true position and [XS Y, ZS] is the satellite position in
ECEF frame. Equation-26 is a nonlinear function which can be linearized around a best estimated position of

o

A T
the receiver. Perturbing the receiver’s position about the estimated position [Xr Y. %, ]
X, =X +0X..,Y, =Y, +9Y,,2, =1, +01, (28)
Substituting Eg-28 in 27 and simplifying

d=d+ (X, —%)ox%, + (Y, —C}/s)&yr +(z, - 2,)52,

(29)

Here d is the estimated range. Using the value of d in 26 and neglecting the common mode errors

X — Xs)éxr +(yr — ys)5yr +(Zr — Zs)§Zr

- a_(
—d=
v d

+cot, +N +¢& (30)

Equation-30 is further simplified as

Z=Ax+¢ (31)
Where
2=[p-d|.x=[ox, &y, oz N cat] (32)
X =X y -y 2 -1
A: r S r S r S 77 1
V&%) 5 -y)’ @ -z) (33)
=[A A A 7 1]

It must be noted here that number of unknowns has increased by integer ambiguity. For four visible
satellites (m = 4) at epocht , equations 32 and 33 will modify as [12].

x=[ox, &y, 6z, N' N? N° N* cot,] (34)
pr—d’ A A A 570001

3 ~2_dZ 2 2 2 O n O O 1

.= s i3 ,A= A; Aé AZS (35)
g A A A D00 0L
54 _ 44 Al Aj A 00 0 71
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3. SINS/GNSS INTEGRATION ALGORITHM

In this integration algorithm the GPS derived attitude, position and velocity parameters are used as a
measurement to the centralized Kalman Filter. The Kalman filter (KF) is the optimal estimator that
minimizes the mean square error when the state and measurement dynamics are linear in nature, provided the
process and measurement noises are modelled as white Gaussian. The SINS errors dynamic is a continuous
time process governed by a linear stochastic equations.

X=FX+w (36)
z, =H. X +v, @37)

Where X is the state vector and F is the dynamic matrix; W and v, are process and measurement

white noises. F matrix is obtained by combining and rearranging the terms in Egs-1, 2, 3 and 4. The state
vector is designed as.

x=[g" @ @) ) ) )] (38)

Where |° is the lever arm vector from INS to the GNSS antenna centre, expressed in body frame.
The GNSS derived attitude, velocity and position are subtracted from INS data and used as a measurements
to the ceneterlized LKF. The design matrix for attitude measurements is constructed here for fusing the data
of the two systems. Define the attitude measurements as

T T
AQPS = I:QQPS ygps lf//gps] ! Ans = [Hins Vins Wins] (39)
OA= Ans - Agps (40)
(60 67 w] =0 Vi Vi) ~[Ous Ve Vepr ]T (41)

The attitude difference is related to the attitude error vector as

de 0
$y |=-C/C.| O (42)
% Sy

Where C_ is calculated as

cosy 0 -—sinycosé

Ci=| 0 1 sind@ (43)
siny 0 cosycosé
00 P
Sy |=—(C)(C)' | 4y (44)
oy %

The sensitive measurement matrix is designed for the attitude measurements as

H =[~(C)™MC)™ 045 0y Oy (45)
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We consider the lever arm effect to improve the position and velocity accuracy of the integrated

system. If 1° is a lever arm vector from INS calibration centre to the GNSS antenna centre expressed in body
frame, then GNSS position and velocity vectors can be expressed as.

rg':)s =p+M_CMI° (46)
Vgps = Virr]15 + Cl;] (a):b X)I ° (47)

The measurement model for velocity and position is constructed as.

Zl = r)_rgr;)s = p+5p_rgr;ns
_ N n _\,n 5 n n (48)
Z; = Vi _Vgps = Vips T OV _Vgps
Substituting Eq-48 in 46 & 47, we get
z,=6p—-M,ClI° (49)
2, =V" —C (af,¥)I° (50)
The sensitive measurement matrix for position and velocity is:
H,= Ops I3 Oy 0Oy —Cf (w:b:):| (51)
03><3 03><3 |3><3 03><6 -M erb

The final measurement model for attitude, velocity and position measurements is obtained by
combing Eg-45 and 51 as

_(03)71 (Cl;] )T 03><3 03><3 03><3 03><3
H= 035 lss 055 Oy _Cbn (a):b x) (52)
0 0 | 0,, —M WC;

3x3 3x3 3x3

4. SIMULATION OF THE INTEGRATED SYSTEM

The attitude, velocity and position measurements of GPS system are obtained from simulation of
trajectory data using Matlab environment. A lower precision MEMS based IMU (STIM300) parameters are
used to analyse the performance and validity of the integrated system through simulation results. The initial
misalignment angles, with large heading angle are assumed to show the effectiveness of the GNSS attitude
measurements. Simulation results are produced with; Gyro drift: 4 deg/hour, Gyro random walk: 1.7
deg/"hour, Accelerometer bias: 1.5x107g, Accelerometer random walk: 0.2x107g, Lever arm vector: [1 2
3]"m, GNSS attitude, velocity and position accuracy respectively are: 0.3 deg, [1 1 5]" m, 0.5cm/sec.

0 ~
~ v 60
g -20 ém 40
40 S 2 20 ——
0 200 400 600 800 1000 0 200 400 600 800 1000
~ I
~ v 20
$-20 E 40
w0 4
2 -60
-40 °
200 400 600 800 1000 200 400 600 800 1000
20 g 30
240 Ex
-60 Z 10 —
200 400 600 800 1000 200 400 600 800 1000
Time(s) Time(s)
Figure 5. INS Attitude Error Figure 6. INS Velocity Error
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Figure 11 INS/GNSS position error

Figure 5, Figure 6 and Figure 7 show the standalone MEMS INS errors growth while Figure 8
shows the attitude error of the integrated system without using the attitude observation. Figure 9 illustrates
the attitude error of the integrated system using the attitude measurement to the filter in the initial stage
which showed a faster decrease in the attitude errors. The heading angle accuracy is improved which is very
useful for the navigation system during nonaccelerating periods. Similarly the velocity and position errors of
the integrated system shown in Figure 10 and Figure 11 are bounded to the cm level accuracy.

5. CONCLUSION

GNSS attitude, velocity and position from carrier phase measurements are mathematically derived
and discussed for accurate integration. Loosely coupled approach is used to fuse the data of INS and GNSS
using centralised LKF. A low accuracy MEMS based IMU (STIM300) parameters are used to generate the
INS and GNSS data for simulation. Large attitude error is used to show the effectiveness of the GNSS
attitude measurements. Simulation results showed that attitude errors decrease much faster than the filter
without attitude measurements. The accuracy of heading angle is highly improved which is very important
for initialization and for navigation systems during the benign or nonaccelerating period. There is a
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remarkable improvement in the navigation parameters due the precise velocity and position measurements
from carrier phase measurements since velocity has direct coupling with the attitude error. After analysing
the overall performance, INS/GNSS integrated system delivers more accurate results than can be achieved
with the code phase or Doppler measurements. However, the carrier phase measurements for velocity and
position estimation have the limitation of four satellites to be visible. Therefore, in urban or low visibility
area the pseudo range and Doppler measurements are more effective and provide a continuous measurement
to the filter for error estimation.
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